Optimization for Machine Learning 50.579

Instructor: Ioannis Panageas Scribed by: Li Wei, Menglin Li, Panpan Li

Lecture 6. Accelerated Methods.

1 Introduction

In the previous lessons, we studied classic gradient descent, projected gradient descent and stochas-
tic gradient descent. We then investigate online learning and non-convex optimization. Moreover,
we’d like to know if we could do better in convex case from the perspective of convergence rate.
This leads to accelerated gradient descent, which is first proposed by Nesterov in 1983.

2 Gradient Descent (Recap)

2.1 Gradient Descent for L-smooth

Theorem 2.1 Let | : RY — R be differentiable, conver (want to minimize) and L-smooth. Let
R = ||zo — 2*|,. It holds for T = 2E°L

€

flere) — f(z%) <e

with appropriately choosing o = %

Remarks:

e Speed of convergence is independent of dimension d.

e This result gives a rate of O (%)

2.2 Gradient Descent for p-strongly Convex and L-smooth

Theorem 2.2 Let f : R — R be differentiable, u-strongly convexr (want to minimize) and L-
smooth. Let R = |xg — a*||y It holds for T = % In (£)

ler — 2%y < e

with appropriately choosing o = %

Remarks:

e Speed of convergence is independent of dimension d.

e This result gives a rate of O (l% log %) SR = ﬁ is called condition number.




3 Definition

Definition 3.1 Let f : R? — R be a differentiable function. The Accelerated Gradient Descent is
defined as follows:

Initialization x1,y1 = x1, stepsize n
Fort=1... T do
Yer1 = 1t — NV f (1)

Tep1 = (1 4+ %) Yer1 — %Y = o1 + e (Yer1 — Yt)
End For

Srds Lo~

Remarks:
e This method was introduced by Nesterov in1983. y;+1 — y; is called momentum.

e 7, is a sequence independent of x; and ~; > 0 for all ¢.
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Figure 1: Illustration of Nesterovs accelerated gradient descent from [2].

Figure 1 intuitively presents why the accelerated method proposed by Nesterov could speed up the
convergence of gradient descent.

4 Analysis for Smooth, Strongly-convex Functions

Theorem 4.1 (Strongly convex case) Let f : R"™ — R be a twice differentiable function, L-
smooth and p -strongly convex function. Assume that x* is the minimizer and set vy := VE=L ond




n= % Then it holds that

L _ ot
8 oy — a2 e A,

(1) = f(27) <

2
hence we reach e-close in by after T := \/%log <M> iterations.

€
Remarks:
e This result gives a rate of O <\/% log %)

We would introduce and prove two claims before the proof of the above theorem.

Claim 4.2 (Approximation of f(z) from Below)

Doy < f(2) + (1 - ﬁ) (@1(z) — f(x))

Proof:
We first define the following sequence of functions:
Oy () = f (21) + 5 |z — 213

o1(0) = (1= J) @) + & (£ (@) + V1 (@) (2= ) + & o - ,3)
Then

Buine) = (1= 2 ) @)+ 2 (70 + 91 (@) (0= )+ 4 o = aa]3)

N Vi
< (1 - \}E> By(z) + \}E F(2) (from strong convexity)
— @)+ (1- ) @) - 1)
Therefore
Benle) = 1) < (1= ) @) = f(0)
o By (z) — fla) < (1 - %) (@1(z) — () (telescopic product)
=t < )+ (1-72) (@) - f(@)

Claim 4.3 (Approximation of f(z) from Above)

() < min @, ()



Proof: For s = 1 we have f (y1) < min, ®;(x).
01(2) = £ (@1) + 5 llz = w1321 = w1

= f(y1) < P1(z)
= [ (y1) < min &y (z)

Set min, ®4(x) = .

[ (Wst1) < flas) — % IV f (:rs)||§ (L-smoothness claim 2)

— _i _i Te) — L X —i T 2
(1= =) £+ (1= ) G @) = ) + = f () = 57 IVF I3

S Vet (- ) (e - DTN I
<(1-p)m (1- ) C@ - Fe) + =F ) - 57 IV @I (FOC)
1

< (1) @ (1= ) V76 (=) + = () - 5 194 ()3

Let <1 — ﬁ) o + (1 — ﬁ) Vf (l‘S)T (xs —ys) + ﬁf (xs) — i IV f (;vs)||§ = A. Now we get
J (s11) < A, then we would prove A < @7 .
According to the definition of ®1(z) and ®4(z), we can get that

V20, (z) = plg

1 1
2p,(z)=(1- —= ) V?®,_ —
Ved,(x) ( \/E> Va0, (z) + \/E“Id
= V20, (x) = ply.
Therefore, for some vy,
x M
Py(x) :@3—1—5‘\.%—’05”%. (1)
Then
Ve, 1(@) = (1 ) V(@) + —=Vi(x) + (o - )
s+1\T) = = s(@ \/E Ts \/E Tr— Tg

I R S N N TS IO N
_<1 \/E>V(<I>S+MH D)+ Vi) + )

(1oL T —v 1 x P e—a
(1 ﬁ)m R LGOS CRED

And vs41 is a minimizer of ®¢yq (that is, V®sq1(vsy1) = 0) We can find a relation for vsy1 and vs
by expanding V&1 at vet1.

Vi1 (vns) = (1 - ﬁ) o = ) + =1 () + Lo — 5 =0 @)
= VEust1 = (VE — Dpos + pzs — V f(25) (3)
= Vgy1 = <1 — \/1E> ve + \}Ews — M\l/EVf(xs) (4)



Evaluating ®,41 at s we have

Dop(zs) = <1 - \}) Ba(o) + =) (5)

1Y . 1 1 , .
=05 + g s — ver1ll3 = <1 — \/E> oF + g (1 — \/E> s — vsll3 + ﬁf(xs)(usmg equation (1))

(6)

According to equation (4), we can get that

Ts — VUs41 = <1 - \}E) (xs - Us) + M\l/Evf(xs) (7)
= lloa = el = (1= 2 ) o = wl b o 197 - 2 (1= 02 ) V4@ 0 - o)
®)

Assume v; — x5 = \/k(xs — ys), then by induction we can get that

1 L + ! ! Vf(zs)
Vsi1 —Xse1 = (1 — —= | vs + —=x5s — —=Vf(zs) — x
s+1 s5+1 \/E s \/E s ,LL\/E s s+1

_ <1 _ 1) (v — 5) + Ty — — =V (25) — To41

1
NG NG
1

= (1 2 VR~ )+ o= V)~ 2

= Vi, — (VR s = V[ (@) — e

= Vhyst1 — (V& = 1)ys — @511 (def. of AGD)

= Viys+1 + (VE+ Dzsp1 — 2V EYs41 — Toy1 (def. of AGD)
= VA(Zst1 = Yst1)-

Therefore, it’s true that

Vg —Tg = \/E(ws - ys)' (9)

Plug equation (8) and (9) into equation (6), we can get that

1 1 )
* = A — 1 - — s — Ysg > A
s+1 +2\/E( \/E> Hl‘ Y ||2—

Combine with f (ys41) < A, one obtains that f (ys41) < ®}, ;. The proof of claim 4.3 is done. M
Proof of Theorem 4.1:

According to claim 4.2 and 4.3, we have

flys) = f(27) <@ (%) = f(27)

<(1- %)t@l (") — 1 (a)

t
< <1 - \}5> (f (x1) — f(z") + % |lx1 — x*||§) (strong convezity)

5



Since f (1) — f (2*) < Vf () (z1 — 2*) +5 a1 — 2*[3, we get
=0

t
lz1 — 2" v

1\'L
) LB e — o2 <

F) =< (1- ) 5

5 Analysis for Smooth Convex Functions

Theorem 5.1 (Smooth case) Let f : R” — R be a twice differentiable function, L— smooth.

_ 144/1+402_
ittﬂl where A\g = 0 and \y = ——5—+.

Assume that x* is the minimizer and set n = %,% =

Then it holds that )
< 2L ||lz1 — 33*”2

I ) — (") -

. 2 . .
hence we reach € -close in value after T := (\/%) iterations.

Remarks:
e This result gives a rate of O(\/g)

Proof: Using the unconstrained version of Lemma 3.6 from [2] one obtains

Flyor1) S (10)
< V) (@~ 9~ 57 IV ()
= (s — o))" (75— 9) — 5 s — ol (12)

Similarly we also get
* T * L 2
f(s+1) = f(2%) < L(ws — yst1)" (25 — 27) — 9 |75 — Yst1ll (13)
Now multiplying (12) by (A\s—1) and adding the results to (13), one obtains with ds = f(ys)— f(z*).
T * L 2
>\555+1 - ()\s - 1)68 < L(ﬂfs - ys-i-l) (Asxs - ()\s - 1)?/5 - ) - 5)\8 ||‘73s - ys+1H2

Multiplying this equality by As and using that by definition A2_; = A\2—)\;, as well as the elementary
identity 2a”b — ||a|3 = ||b]|3 — ||b — al|3, one obtains

A6 — N2 0, (14)
L *
§§(2)‘5($8 - ys-i-l)T(/\st —(As = Dys — %) — || Xs(ys1 — $s)||§) (15)

= (A = O = s = 23~ Pogoss = A = Dl — 2B (16)



Now remark that, by definition, one has

Top1 = Yst1 +7(Ys — Ys+1) (17)
S Ast1Ts+1 = Ast1Ys+1 + (1 — As) (Us — Yst1) (18)
S Ag+1Ts41 — ()\s—&—l - 1)ys+1 = As¥Us+1 — ()‘s - 1)?/5 (19)

Putting together (16) and (19) one gets that pus = Aszs — (As — 1)ys — ¥,

Moo — A2 02 <

L 2
sl = Nl )

Summing these inequalities from s = 1 to s = ¢ — 1 one obtains:

ot < a3 -

202,

By induction it is easy to see that A\;_1 > % which concludes the proof. [ |
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