Optimization for Machine Learning 50.579

Instructor: Ioannis Panageas Scribed by: Joel Weijia Lai

Lecture 2. Convex Optimization and Gradient Descent.

1 Introduction

In the previous week, we studied various gradient descent routine for differentiable functions. How-
ever, not all functions are differentiable at every point, as such, in order for our gradient descent
routine to be applicable, we need to explore a new way of analyzing convex, non-differentiable
functions.

1.1 Definitions

Definition 1.1 (Subgradients) Let f(z): X — R be a function, with X C R?. g, € R? is called
a subgradient of f at x if for all y € X we have

Fly) — f(x) > gJ (y — ).

Since the choice of subgradient is not unique, we can denote the set of subgradients at x by 9f(z)
also called the subdifferential of f at the point x. Also, at a differentiable x, the only subgradient

is Vf(x).

Example 1.1 Consider the function f(x) given by Figure [ f(x) is clearly convez, but non-
differentiable at xo. Then, the subgradient at any x' that is differentiable is Vf(x') = dfx ), while
the subdifferential is given by the set of subgradients highlighted.

f(x)

Figure 1: Figure for Example of a convex function that is non-differentiable at a point.



Example 1.2 Consider the function f(x) = |z|. f(x) is clearly convez, but non-differentiable at
x = 0. Then, the subgradient gg can be found by a direct application of the definition,

lyl = |z| >g0(y — ),
lyl >g0y.

The subgradient go satisfying the above inequality is go € [—1,1]. To be precise,

1 x>0,
dlz] =< —1 x <0,
[—1,1] z=0.

Notice that in both examples, if 0 € 9f(z), then x is a global minimum. This is not a coincidence
and will be the idea of Lemma discussed later.

Theorem 1.3 (Supporting Hyperplane Theorem) Let C' C R™ be a nonempty convex set
and T be a point on the boundary of C. Then, there exists a supporting hyperplane passing through
T and containing the set C in one of its halfspaces.

X]

Figure 2: Proof by picture of the Supporting Hyperplane Theorem.

Proof: Figure 2| shows a pictorial proof of the theorem. Consider a sequence {xj} for z; ¢ cl(C)
and converges to T as k — co. Let 2% be the projection of xj on cl(C). Then, we have,

af xp < ajxz, Yo ecd(C),Vk=0,1,....
where ap = (2 — zx)/||Zx — xk||. Let a be the limit point of {ax}. [ |

Lemma 1.4 (Existence and convexity) Let f : X — R be a function such that Of(x) # @ for
all x. Then, it holds that f is convex.



Proof: For the choice: = := ty + (1 — t)z and y := z, then it holds that there exists a vector g
such that

flty+ (1 =t)z) = f(z) < g"t(y — ). (1)

In the same way, for the choice: y :=ty + (1 — t)z and x := y, it holds that there exists a vector g
such that

flty+ (1 —t)x) = fly) <g"(1—t)(z —y). (2)
Note that the inequalities are reversed. Then if we were to take the linear combination (1 —¢t) -
(1) +t-(2), we have
flty+ (1 —t)z) <tf(y) + (1 —1)f(2).

This is the definition of convexity that we have seen in Lecture 1. The converse is also true. This
is a consequence of the Supporting Hyperplane Theorem. [ |

Lemma 1.5 (Local minima are global minima) Let f : X — R be a convex function. If x is
a local minimum, then it is a global minimum. This happens if and only if 0 € Of (z).

This lemma claims the uniqueness of the minimum. The proof is for  being a global minimum if
and only if 0 € Jf(x) is straight forward. We shall prove the uniqueness of the minimum.
Proof: For a small enough ¢ > 0. Suppose there are local minima at x and y. Then

flx) < flte + (1 —1t)y)
<tf(z)+ (1 -1)f(y),
= (1 =0)f(z) <A -1)f(y),

hence, we conclude that f(z) < f(y). However, x and y are arbitrary, so the same can be said for
fly) < f(x). Thus, we conclude that f(z) = f(y), the minimum is unique. [ |

2 Gradient Descent Revisited

Definition 2.1 (Gradient Descent (Subgradient)) Let f : RY — R be a convex function that
is not necessarily differentiable in some convex set X. The algorithm is defined iteratively:

T1 = Tl — OGxy,
where gy, € 0f(xy) is the subgradient computed at xy.

Note that this definition is a slight modification from the definition we saw in Lecture 1. (1) The
function is not necessarily differentiable in the convex set X. (2) The gradient V f(xy) is replaced
by the subgradient. However, we have the same guarantees as discussed in classic and projected
gradient descent. Here, we discuss the analysis of gradient descent for L-Lipschitz.



Exercise 3 (General case). Suppose f(x) is L-Lipschitz continuous and Of(x) # &. Then
Vo edom(f)
lgzll2 < L where g, € Of (x).

This the the general case of Exercise 3 from Lecture 1. Prove is left as an exercise.

Theorem 2.1 (Gradient Descent (Subgradient)) Let f : R? — R be convex (want to mini-
mize) and L-Lipschitz. Let R = ||x1 —x*||2, the distance between the initial point x1 and minimizer

x*. It holds for T = R;LQ,
1 X

with approzimately choosing o = ;5

Proof:
flxe) = f(a*) < g, (v — 27) (def. subgradient)
= é(iﬂt - $t+1)T($t — ") (def. gradient descent
= i(”ﬂﬁt — 23+ |2t — e l3 — [|Teas — 96*||%> (2a"b = |a> + |b? = |a — b]?)
= i(”xt —z*|3 — ||lzig1 — :B*||§> + gHgmH% (def. gradient descent
< i (th — 23 = |lze41 — H2> + 0552 (Exercise [3))

Now, we take the telescopic sum across t = 1,...,7T and dividing by 7. We get

; 3 ! ; al?
th_;(f(fﬁt)_ ) ﬁZ(HLEt—x*H%_ th-i-l_«T*H%) +T'

t=1

For the LHS, we apply Jensen’s inequality

1 <& 1 &
T;(f(iﬂt)—f(ﬂf*)) >f<T;$t) -

For the RHS, taking the telescopic sum, we have

1 * (2 * (|2 1 *1|2 * (|2
2o 2 (lloe = 2" 13 = llzess = 2*13) < 5= (o1 = 11§ = lorss = 2[3)
1
< ool = 2”1,
as the second term is non-negative. Thus, we put every thing together
1 o  aL? R?  aL?
— < - —r* = =
(T th) Y R NP s B
€ R?L?
for the choice « = — and T = . |
L2 €2



3 Stochastic Gradient Descent (SGD)

Definition 3.1 (Stochastic Gradient Descent) Let f : R? — R be convex (want to minimize).
The SGD algorithm is defined iteratively:

Tk41 = Th — Qg Uk,
where Elvg|xk] € Of (z).
Key remarks:
e «y is called the stepsize. Intuitively, the smaller, the slower the algorithm.
e ;. must depend on k, i.e ap — 0 as k — oo.

e v and xy are random variables. In SGD vy, is updated randomly, i.e vy = V f(xg) + (i for
E[¢k|zr] = 0

Theorem 3.1 (u-Strongly Convex Stochastic Gradient Descent) Let f : RY — R be pu-
strongly convex (want to minimize). Moreover, assume that E[|vg||?] < p?. Let x* be the minimizer.
It holds for ay = ﬁ,

E

2
f<;zwt>] — flz¥) < 227(1 +logT).

t

Key remarks:

e qy, scales as % and is vanishing to talk about convegence.
e For T' = @(% log %) we get an error e.

e Rakhlin, Shamir & Sridharan (2012) derived a convergence rate in which log 7T is eliminated

for a variant [1].

e Shamir & Zhang (2013) showed theorem above for last iterate for last iterate zp, i.e E[f(x;)]—
2
fz*) < 2/:TT(1 +1logT) [2].

Proof: Set V! = E[v|z¢] (this is a random variable). From strong convexity, we get
(00 =)V 2 [a) — f(a*) + Bl — 2,
El(e, — =) V] 2 E[f(z0) — 5(2") + S0 - 2°]3].
This will form the lower bound. For the upper bound, we claim

Efllze — 2*[I3 — llze41 — 2*[13] n ap’

Ef(z — 2*) V] < - L




Proof of claim: The Law of Cosines gives
e = 213 = 21 — 213 = 2a0(ae — 27) "oy — af |ui3-
Taking the expectation on both sides,
Eflar — a3 — laess - 2°[2] = B[20n(x — %) o] — E[a?[el3],
and, for the first term of the RHS,
E[E[204(z: — x*)Tvt|xt]] = E[204(x¢ — x*)TE[vt|xt]]
= E[2at(:):t — x*)TVt].

A rearrangement of the terms will give the inequality of the claim. [ |
Thus, if we were to put the lower and upper bound together and apply linear expectation, i.e
E[X + Y] =E[X] + E[Y]

Elllze — 2*[13 — llze41 — a*[I3] | aup?
20ét 2 ’
Efllze — 2|31 — aep) — [lwers — 2*[IF] | aup?

20ét + 2

E|f(@e) = fa) + Gl —2"[3] <

E[f(z) = f(z%)] <

Therefore, we take the telescopic sum across ¢t and dividing by 7', and recall that a; = i,
1 uT 5] PPl 1
_ — N<E| — & — ¥ r - -
- ;mo] fa) <= ler - '8 + 57 >
2

p° 1 1

< 7 - § -

T 2uT 4 t’

since the first term on the RHS is non-positive. Applying Jensen’s inequality, and the fact that

E

Zthl % <1+ logT, we have the result for u-strongly convex SGD

E

2
f(;Z%)] — f(a¥) < 227:’1(1 +logT).

t

Theorem 3.2 (General Stochastic Gradient Descent) Let f : R? — R be a convex function
(want to minimize). Moreover, assume that ||vg||?> < p with probability one. Let R = ||z — x*||2,

the distance between the initial point x1 and minimizer x*. It holds for a = p%,

f(,} D:)] - fe < 2

t

E

Key remarks:



e « is fixed but scales as % is vanishing to talk about convergence.

e For T = @(%) we get an error e.
€

Proof: As a notation, we denote Eq.x[-] as the expectation of the joint distribution of random
variables (vy,...,vg).

Evr(f(ze) — f(2")] < Evrl(ze — 2*) ' V']

=E;; [El;T[(mt — x*)Tthvl, . ,vt,l]] (Conditional expectation)

=Err[(zr — 2*) "Ergm1 Vo1, ..o v (Deterministic in v, ....v¢—1)

= El T [(.Z‘t — X )Tvt]
[ 1 * *

<Eir ﬂ(th — 23 + o — zeqall3 — Iz — = ||%)} (2a"b = [a]* + |b]* = |a — b])
r 1 al|ve |3

= Evr| o (e — 21 ~ 1z —z*n%ﬂ + (def. of SGD 1)
C1 . . ap?

<Eir |5 (loe = 2" I3 = llzess — 2 u%)} + = (Ieellz < p)

Therefore, we take the telescopic sum across ¢t and dividing by T,

1

1 ap?
LT\ zt:f(xt)] f@@) < ool vrlllzr — 2%z = lzr — 2"|2] + 5

R* ap® _ Rp

< —
~ 2aT 2 VT

again, we apply Jensen’s inequality and noting that o = p\%, we arrive at the result for the general

SGD
f(;z)] - fe < 22

t

E

Definition 3.2 (Coordinate Descent) Let f : R? — R be a convex differentiable function in
some convex set X. The CD algorithm is defined iteratively by choosing a coordinate i, where i is
drawn uniformly at random from [d] and update:

Of (zx)

Th+1 = Tk — Ok O " €,
1

where e; is a unit vector with 1 in position i and zeros in all other positions.

Once can view Coordinate Descent as a Stochastic Gradient Descent with the specific oracle
g(x) = dagg) - €j, where j is drawn uniformly at random from [d]. Clearly, E[g(z)] = Vf(z),
and furthermore E[||g(2)|13] = d||V f(2)][3.




4 Stochastic Gradient Descent (Examples)

Having seen how SGD works, it is not imperative that we see the kinds of problems that SGD can
solve. One such instance the use of SGD to solve risk minimization problems, also called Maximum
Likelihood Estimates (MLE) problems.

4.1 Risk Minimization

Definition 4.1 (Risk Minimization) Let l[(x,z) : X x Z — R be a risk function and D some
unknown distribution we can get samples from. We are interested in solving:

mi)r(l L(x), where L(x) := E,p[l(x, 2)].
Te

There are two approaches to tackling such problems,

1. Take a large number (say n) samples z; independently and consider the estimate L(x) :=
%Zil(:z,z). By the Law of Large Numbers this is a close enough Ehopefully) estimate of
L(z). Then, we run a first order optimization algorithm (say GD) on L(x). This is a possible
means of solving the problem. However, if we do not know the form of I(x, z), then we are
essentially stuck. Also, this requires many calculations (n) to perform one optimization step.

2. Of course, the second method is to perform Stochastic Gradient Descent!. For each iteration
t+1, take a new sample z; independently from z1, ..., z;—1 and consider the unbiased estimate
Vl(z,z). Then, we update xy11 = x4 — Vyl(z, 2).

4.2 Examples

Example 4.1 (MLE for Gaussian) Let z ~ N (u,1) and l(z,z) := —logpy(z) denotes the log-
likelihood of mathcal N (x,1). Here, we have an unknown distribution D, which is a Gaussian with

unknown mean, . We are interested in solving:

min . (1) [~ log pa(2)],

where py(z) is the probability density function.
Some remarks on Maximum (log)-Likelihood:

1. The standard approach for parameter estimation boils down to creating an optimization
problem that best solves for parametric families of distributions.

2. Under certain assumptions, the Maximum (log) Likelihood estimator is consistent! The min-
imizer should reveal some information about the “unknowns”.

3. Since the probability density function p,(z) = \/% exp [— (Z}x)Q}, the above problem boils
(Z*x)Q}
5 |-

down to minger Ez~N(M71) {



It is clear that the minimizer z* = u. However, we do not know what is u, so we start by solving
the simplified minimization problem:
2

) z— 1)
fcnelﬁE”NW)[ Rt

e The derivative is (z — z), i.e. vy = (z¢ — 2¢)

E.[(z — 2)?] = 1+ (z — p)?. This is bounded, which is exactly what we require from SGD,
Ellv]3] < .

e The second derivative is 1, hence, this is 1-strongly convex.

Starting from xg = 0, at iteration t + 1, we get a fresh sample z; and we have x4 =

Tt — at(% - Zt)

Choosing oy = %, we can check that xp = %Zle z¢. This is the empirical mean.

Question 1: We know that f(Z) — f(z) < e. But what is ||z — x| bounded by? Answer 1:
Consider strong convexity:

¢ > f() ~ flm) 2 VI - ) + 5 E - plB

Here, z is a sample drawn from the distribution of the empirical mean, i.e.
T
1 1
— Y z~N ( , —).
T tzl ' ks

Thus, € > ||Z — p||3. The first term vanishes because V(i) = 0. Thus, ||# — pls < Ve = ¢ =
|z — pll2 < €. Recall, for T = @(?1’ log %), we get an error of e. Hence, we get 7' ~ }2 log }2

Question 2: Having shown that can get e-close to p after G%ngi2 iterations, we claim that
this is not the best we can do. Why? Answer 2: To see why, we know that for a Gaussian
distribution, the probability of a sample falling beyond 3 standard deviations from the mean is
about 1%, i.e. P( |z —u| > % = e) ~ 1%. Therefore, we conclude that T' ~ }2 Note that it might
not always be the case that the empirical mean can give us information about the distribution D.

Example 4.2 (Bias of a coin) Assume you are given a coin that gives H with probability p €
(0,1) and T with probability 1 — p. How many tosses do you need to get an estimate p about p and
be sure with probability 99% that |p — p| < €? [Hint: fy(z) = p*(1 — p)172]

It is clear that the minimizer * = p. However, we do not know what is p, so we start by solving
the minimization problem:

H{T}inE[—zlogw— (1—2)log(1—x)].



e The derivative of [ is —Z + }:; = x(xlizx), which has absolute value at most % for x € (¢,1—¢).

e The second derivative of L is 15 + (117;52, hence, it is 4(p — p?)-strongly convex for z € (0, 1).

Notice that (p — p?) is the variance of the Bernoulli distribution.

e Starting from zyp = 1/2, at iteration t + 1, we get a fresh sample z; and we have x;y; =
Ti—2t
ze(1—z¢) "

Tt — O

As seen in the previous example, T' ~ %log %, for p-strongly convex SGD, is asymptotically equiv-
alent to Zp—; log % We have seen that p = % and 1 = 4(p — p?). Thus, we conclude that we can
get €/-close to the log-likelihood after m loge—l, iterations and e-close to p after m log 6%
iterations. We ask ourselves the same question: Can we do better? Again, yes. Since z; ~ B(p),

we can calculate the mean and variance of the empirical mean,

jVar[%Zzt] = %Var[zzt} = %(p—pQ)

Thus, having obtained the variance, to have a 99% confidence, we apply the Chebyshev’s inequality,

1
1 2 Var[Tzzt}
Bllp | 2| s —G =1
2 2
_p—r_ &
T 100

2
pP—p 1
:,Two( . >~0<62>

Example 4.3 (Non-example: Mixture of Gaussians) Assume you have access to i.i.d sam-
ples from z ~ N(u,1). However, there is an adversary that with probability 1/2 corrupts z and
gives you —z. Can you infer/estimate p?

To answer the question, we need to solve:

(2 — @)

. 1 1 (z +x)?
rmnelﬂgEz'\/N(ﬂyl)[_log (2\/%6}(13[_ 92 i|+ QMGXP[_2}>]

This, however is not convex, the proof is left as an exercise (Hint: suffice to show that the gradient

at x = 0 is 0). While the empirical mean is zero, it does not reveal any information about pu.
Stochastic Gradient Descent cannot help us here. This is the motivation for the content covered in
subsequent weeks where we start to look at non-convex functions.

10
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Figure 3: Probability density function of the mixture of 2 Gaussians
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