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At equilibrium, supply equals demand.
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Definitions

Definition (Market). We use the following notation.
* B isa set of n buyers.
* G is a set of m divisible goods, each with supply b; = 1.
* Each buyer i has the same budget, e; = 1.

* u;; > 01is buyer i's value for one unit of good j.

Each buyer values some good, and each good has a buyer who values it.

p; = 0 is the price per unit of good j.
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Definitions

Definition (Market). We use the following notation.
e Bisa set of n buyers.

* G is a set of m divisible goods, each with supply b; = 1.

Each buyer i has the same budget, e; = 1.

u;j > 0 s buyer i's value for one unit of good j.

Each buyer values some good, and each good has a buyer who values it.

p; = 0 is the price per unit of good j.

Definition (Linear Fisher market). Buyer i receives x;; > 0 units of each good j.
The utility of her bundle x; is

ui(x;) = Z XijUij-

j€g
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Definitions

Definition (Market equilibrium). An allocation x* and prices p* > 0 form an
equilibrium if both conditions hold.

(1) Each buyer receives an optimal affordable bundle at prices p*.

(2) For each good j, total demand equals supply, ) ; x:} =1

Our goal is to compute equilibrium prices and allocations in
polynomial time.
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Definitions

Definition (Market equilibrium). An allocation x* and prices p* > 0 form an
equilibrium if both conditions hold.

(1) Each buyer receives an optimal affordable bundle at prices p*.

(2) For each good j, total demand equals supply, ) ; x:} =1

Our goal is to compute equilibrium prices and allocations in
polynomial time.

At prices p > 0, buyer i chooses an optimal bundle.
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Definitions

Definition (Market equilibrium). An allocation x* and prices p* > 0 form an
equilibrium if both conditions hold.

(1) Each buyer receives an optimal affordable bundle at prices p*.

(2) For each good j, total demand equals supply, ) ; x:} =1

Our goal is to compute equilibrium prices and allocations in
polynomial time.

At prices p > 0, buyer i chooses an optimal bundle.

max 271:1 XijUij
s.t Yibq pjxij < 1 =—> Budget constraint.
X; = 0
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Eisenberg-Gale Convex Program

At prices p > 0, buyer i chooses an optimal bundle.

max Z;n:l xi]-ui]-
s.t Yi'q pjxij < 1 === Budget constraint.
X; > 0

. , Demand for good j.
From the perspective of good j:

i—1 Xjj = 1 ===t Supply for good j.
pj =0
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Eisenberg-Gale Convex Program

At prices p > 0, buyer i chooses an optimal bundle.

max Z;n:l xi]-uij
s.t 2}”:1 pjXij S 1 ey Budget constraint.
X >0

Demand for good j.

From the perspective of good j//

i—1 Xjj = 1 ==—t> Supply for good j.
pi =0

Can we find (x, p) that satisfies all these conditions?
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Eisenberg-Gale Convex Program

Consider the following convex program:

max )’ ; Inu;
s.tu; = }":1 u;ix;j for all buyers i € B,
i—1 Xjj < 1forall goods j € G,
x;j>0forallie B, j€g.

Intro to AGT



Eisenberg-Gale Convex Program

Consider the following convex program:

max )’ ; Inu;

s.tu; = ] 1 uijx;j for all buyers i € b5,
v 1 X <1 for all goods j € G,
x;j>0forallie B, j€g.

Remark

* The utility product has a positive maximum on the compact set of allo-
cations.
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Eisenberg-Gale Convex Program

Consider the following convex program:

max ). ; Inu;
s.tu; = ;-":1 u;ix;j for all buyers i € B,
i—1 Xjj < 1forall goods j € G,
x;j>0forallie B, j€g.

Remark

* The utility product has a positive maximum on the compact set of allo-
cations.

* Unit budgets give unit weights. There are no explicit budget constraints.
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Eisenberg-Gale Convex Program

Consider the following convex program:

max ). ; Inu;
s.tu; = ;-”:1 u;ix;j for all buyers i € B,
i—1 Xjj < 1forall goods j € G,
x;j>0forallie B, jeg.

Remark

* The utility product has a positive maximum on the compact set of allo-
cations.

e Unit budgets give unit weights. There are no explicit budget constraints.

e For rational inputs, a linear Fisher equilibrium can be computed in poly-
nomial time.
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Eisenberg-Gale Convex Program

Consider the following convex program:

max )’ ; Inu;
s.tu; = ;-”1:1 u;ix;j for all buyers i € B,
i—1 Xjj < 1forall goods j € G,
x;j>0forallic B, jeg.

Remark

e The utility product has a positive maximum on the compact set of allo-
cations.

* Unit budgets give unit weights. There are no explicit budget constraints.

* For rational inputs, a linear Fisher equilibrium can be computed in poly-
nomial time.

Is x* an equilibrium allocation? Which prices support it?
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Eisenberg-Gale Convex Program

x* satisfies the KKT conditions.

KKT conditions characterize an optimal allocation.
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Eisenberg-Gale Convex Program

x* satisfies the KKT conditions.

KKT conditions characterize an optimal allocation.

n n
L(x,p) =Y Inu;— i pi()_ xij—1)
i—1 i—1

S— ~ ~~ 4
objective supply constraint for good j

The Lagrangian combines the objective and supply constraints.
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Eisenberg-Gale Convex Program

x* satisfies the KKT conditions.

KKT conditions characterize an optimal allocation.

n n
L(x,p) =Y Inu;— i pi()_ xij—1)
i—1 i—1

S— ~ ~~ 4
objective supply constraint for good j

The Lagrangian combines the objective and supply constraints.

Allocations x are primal variables. Prices p are dual variables.
Primal feasibility: Dual feasibility:
Xij > 0, ?:1 Xij < 1. pj > (0 for all ] cg.
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Eisenberg-Gale Convex Program

x* satisfies the KKT conditions.

n
Zlnuz ] 1 p](Zixl]—l)
j—

\ v N -
-~

objective supply constraint for good j

The Lagrangian combines the objective and supply constraints.

Allocations x are primal variables. Prices p are dual variables.
Primal feasibility: Dual feasibility:
x,-jzo, 11x1]<1 pJEOforaH]Eg
oL(x, Uijj
e = p]—Olfxl]>O \

oL(x,p) _ ”U _

> Complementary Slackness

oL(x,p) N '

oL(x, .
Eg;jp) :1—2?:1x1-j201fp]-:0.}
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Eisenberg-Gale Convex Program

Let (x*, p*) satisfy the KKT conditions. This pair is a saddle point:

L(x,p*) < L(x%p*) < L(x%p) | (x=0, p=0).

L(x,p) = Xiq Inu; — Z;n:l pi(Xisy xij — 1).
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Eisenberg-Gale Convex Program

Let (x*, p*) satisfy the KKT conditions. This pair is a saddle point:

L(x,p") <L(x",p") < L(x",p) | (x>0, p=0).

L(x,p) = Xiq Inu; — Z;n:l pi(Xisy xij — 1).

A positive price p; penalizes allocations that exceed the supply of good j.
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Eisenberg-Gale Convex Program

Let (x*, p*) satisfy the KKT conditions. This pair is a saddle point:

L(x,p*) < L(x*,p") < L(x%, p)

(x>0, p>0).

L(x,p) = Xiq Inu; — ?1:1 pi(Xisy xij — 1).

A positive price p; penalizes allocations that exceed the supply of good j.

Theorem (Fisher market). Assume unit budgets and supplies. Every buyer
values some good, and every good is valued by some buyer.

e Equilibrium allocations form a nonempty convex set.

° Equilibrium utilities and prices are unique.

e For rational u;;, prices are rational and a rational equilibrium allocation

exists.
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Eisenberg-Gale Convex Program

Theorem (Fisher market). Assume unit budgets and supplies. Every buyer
values some good, and every good is valued by some buyer.

e Equilibrium allocations form a nonempty convex set.
e Equilibrium utilities and prices are unique.

e For rational u;;, prices are rational and a rational equilibrium allocation
exists.

Proof. Let x* solve the Eisenberg—(Gale program, and let p* be its optimal
supply multipliers. We show that (z*,p*) is a market equilibrium.
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Eisenberg-Gale Convex Program

Theorem (Fisher market). Assume unit budgets and supplies. Every buyer
values some good, and every good is valued by some buyer.

e Equilibrium allocations form a nonempty convex set.
e Equilibrium utilities and prices are unique.

e For rational u;;, prices are rational and a rational equilibrium allocation
exists.

Proof. Let x* solve the Eisenberg—(Gale program, and let p* be its optimal
supply multipliers. We show that (z*,p*) is a market equilibrium.

Why must p; > 0 for every good j € G7
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Eisenberg-Gale Convex Program

Theorem (Fisher market). Assume unit budgets and supplies. Every buyer
values some good, and every good is valued by some buyer.

e Equilibrium allocations form a nonempty convex set.
e Equilibrium utilities and prices are unique.

e For rational u;;, prices are rational and a rational equilibrium allocation
exists.

Proof. Let x* solve the Eisenberg—(Gale program, and let p* be its optimal
supply multipliers. We show that (z*,p*) is a market equilibrium.

Why must p; > 0 for every good j € G7

Choose a buyer ¢ with u;; > 0. KKT gives p; > 7~€za*) > (.
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Eisenberg-Gale Convex Program

Proof (continued). Let x* be an optimal allocation and p* its supply multipli-
ers. To prove market equilibrium, we check market clearing and each buyer’s
optimality.

1) We showed that p? > 0 for all j € G. Positive prices j

By complementary slackness we have Z?zl xi; = 1.
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Eisenberg-Gale Convex Program

Proof (continued). Let x* be an optimal allocation and p* its supply multipli-
ers. To prove market equilibrium, we check market clearing and each buyer’s
optimality.
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Eisenberg-Gale Convex Program

Proof (continued). Let x* be an optimal allocation and p* its supply multipli-
ers. To prove market equilibrium, we check market clearing and each buyer’s
optimality.

Using KKT conditions for fixed buyer ¢ we also have for z7; > 0

*

ok J*"g ok

=0 e =
j'=1 Lij Wig’

Uij

m *
Zj’:l L0 Wig
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Eisenberg-Gale Convex Program

Proof (continued). Let x* be an optimal allocation and p* its supply multipli-
ers. To prove market equilibrium, we check market clearing and each buyer’s
optimality.

Using KKT conditions for fixed buyer ¢ we also have for z7; > 0

*
ok J g ok ok
=0 S =
j'=1 Lij Wig’

Uij

m *
er:1 L0 Wig

Summing over all goods gives buyer ¢’s total spending:

j=1 Wij T

m m *
DX = = L
j=1

D Uij @]
jr=1 Wi’ L
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Eisenberg-Gale Convex Program

Proof (continued). Let x* be an optimal allocation and p* its supply multipli-
ers. To prove market equilibrium, we check market clearing and each buyer’s
optimality.

Positive prices

Goods sold out

Buyers spend their budgets
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Eisenberg-Gale Convex Program

Proof (continued). Let x* be an optimal allocation and p* its supply multipli-
ers. To prove market equilibrium, we check market clearing and each buyer’s
optimality.

Positive prices

Goods sold out

Buyers spend their budgets

If p*-y; < 1, KKT gives u;(y;) < wixy) (p*- vi) < wilzy).
Hence (z*, p*) is a market equilibrium.
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Eisenberg-Gale Convex Program

Proof (continued). Let x* be an optimal allocation and p* its supply multipli-

ers. To prove market equilibrium, we check market clearing and each buyer’s
optimality.

Positive prices

Goods sold out

Buyers spend their budgets

If p*-y; < 1, KKT gives u;(y;) < wixy) (p*- vi) < wilzy).
Hence (z*, p*) is a market equilibrium.

Strict concavity gives unique utilities u} = u; ().

Every good sells, so pj = max; u;; Juf gives unique prices.
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Eisenberg-Gale Convex Program

Proof (continued). Let x* be an optimal allocation and p* its supply multipli-
ers. To prove market equilibrium, we check market clearing and each buyer’s
optimality.

Positive prices

Goods sold out

Buyers spend their budgets

If p*-y; < 1, KKT gives u;(y;) < wixy) (p*- vi) < wilzy).
Hence (z*, p*) is a market equilibrium.

Strict concavity gives unique utilities u} = u; ().

Every good sells, so pj = max; u;; Juf gives unique prices.

Goods j, k bought by buyer i satisty p} /pj = wij/wik-

For rational values, component budgets fix rational prices.

A rational spending flow gives a rational equilibrium allocation.
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Other utility functions

CES (constant elasticity of substitution) utility functions
1/p
ui(x) =1 Y ui]-x‘; , p<1, p#0, Y uj=1
j

j:ui]->0

Remark:
* u;(x) is a concave function.
If u;; = 0, its term contributes zero.

« Ifu;; >0,x; =0,and p < 0 then u;(x) = 0 regardless of the other x;; values.
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Other utility functions

CES (constant elasticity of substitution) utility functions
1/p
ui(x) =1 Y ui]-x‘; , 0<1, p#0, Z”ij = 1.
j

j:ui]->0

Remark:
* u;(x) is a concave function.
If u;; = 0, its term contributes zero.

« Ifu;; >0,x; =0,and p < 0 then u;(x) = 0 regardless of the other x;; values.

0 =1 wmmmmp Tinear utility form
0 — —oo == | contief utility form

0 — 0 =mmmmmp Cobb-Douglas form

Intro to AGT



Proportional Response Dynamics

Market dynamics.

At each round, buyers face the same goods, budgets and utilities.
They base their new bids on the previous allocation.
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Proportional Response Dynamics

Market dynamics.
At each round, buyers face the same goods, budgets and utilities.

They base their new bids on the previous allocation.

Notation

. bz.(;) is buyer i’s bid for good j in round ¢.

e The price is p](.t) =Y bi(]?).

The allocation is xg) = bi(].t) / p]@.

* Good j contributes utility ulg].t) = ui]-xg).

Total utility is ugt) =2 ugjt). Each buyer bids } ; bl-(;) = 1.
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Proportional Response Dynamics

. bi(;) is buyer i’s bid for good j in round ¢.

* The price is p](.t) =Y bi(].t).

The allocation is xg) = bl-(;) / p](t).

(£) (£)

ij = Wity

Good j contributes utility u

Total utility is ul(t) =2 ug). Each buyer bids } ; bi(;) =1

Start with 1/m per good. Update bids by

(t)
(1) _ Ui
1] uz(t)

Intro to AGT



Proportional Response Dynamics

Start with 1/m per good. Update bids by

(£)
p(e+1) _ M
d (t)

u;

Theorem (Convergence). For linear utilities and uniform initial bids,
proportional response converges to a Fisher market equilibrium.
For a fixed market, an e-approximate equilibrium occurs within O(e~?) rounds.
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Proportional Response Dynamics

Start with 1/m per good. Update bids by

(£)
p(e+1) _ M
d (t)

u;

Theorem (Convergence). For linear utilities and uniform initial bids,
proportional response converges to a Fisher market equilibrium.
For a fixed market, an e-approximate equilibrium occurs within O(e~?) rounds.

Remarks

e For CES with 0 < p < 1, bid in proportion to uij(xlg].t))P.

* For linear utilities, each bid is multiplied by its bang per buck and then
normalized.

Intro to AGT



Proportional Response Dynamics:
Proof of Convergence

Proof idea. Use relative entropy as a potential function.
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Proportional Response Dynamics:
Proof of Convergence

Proof idea. Use relative entropy as a potential function.

Fix an equilibrium allocation x* and prices p*. The equilibrium bids are
b* = xij

Write b( ) = (b(t)) Define the potential

M =3 KL(bx[|6").
ieB
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Proportional Response Dynamics:
Proof of Convergence

Proof idea. Use relative entropy as a potential function.

Fix an equilibrium allocation x* and prices p*. The equilibrium bids are
bij = Ti;D;-
Write b( ) = (b(t)) Define the potential

M =3 KL(bx[|6").
ieB

For equal-mass vectors, KL(a||b) = Y i ailog(ax/bx) >0

>{<

o) — oY) = KL(p*| p®) —I—Zlog ft > 0.

The second term is the Fisenberg—Gale objective gap.

Intro to AGT
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