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How these systems evolve? Predictions?
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Optimal values An optimal policy

Which discount factor gives these values?
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Conditioning on the first action and next state gives



Bellman operator

Bellman operator



Bellman operator

Bellman operator



Bellman operator

Bellman operator



Bellman operator

Bellman operator

Transition probabilities are nonnegative and sum to one.
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-   Stationary Markov: depends only on the current state.

-   Time-dependent Markov: depends on the current state and time.

-   History-dependent: may depend on the observed history.
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We focus on stationary randomized policies:
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Theorem (Fink, 1964).

Every finite discounted stochastic game has a Nash equilibrium in stationary 

randomized policies.

The same equilibrium policies work from every initial state.

Players may need to randomize.

This generalizes mixed Nash equilibrium in normal-form games.
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The bad news
A normal-form game is a Markov game with one state that always transitions 

to itself.

The stationary Nash equilibria are exactly the mixed Nash equilibria of the 

original game.
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The bad news
Markov games inherit the difficulty of computing Nash equilibria in normal-

form games.

The one-state reduction already gives this hardness.

Chen, Deng and Teng (2006).
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The bad news
General-sum Markov games are computationally difficult.

We next consider two-player zero-sum games.

-   The players’ rewards sum to zero.

-   A minimax value exists.

-   A contraction gives a method for approximating that value.
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2-player zero-sum Markov games

At each state, the players choose actions simultaneously. The current reward 

is given by a matrix.
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For every finite, discounted, two-player zero-sum stochastic game,
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-   The value is unique, but optimal policies need not be.

-   Reversing the order of optimization over policies leaves the value 

unchanged.

-   The payoff function need not be convex-concave in policy probabilities.

-   The proof uses a contraction of value vectors.

Polynomial-time value approximation in the full binary input size remains 

open in general. Quasipolynomial-time value approximation is now known.

Soleymani–Farina (2026).
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Shapley’s proof replaces a maximum over actions with the value of a matrix 

game.
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2-player zero-sum Markov games

Convergence alone does not establish polynomial running time in the 

binary input size.
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Policy Gradient Iteration
Each player moves in the direction that increases her own value, then projects 

back to valid policies:
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Two-player zero-sum. Two-timescale policy-gradient methods give polynomial 

approximation guarantees under exploration and coverage assumptions.

Daskalakis, Foster and Golowich (2020).

These are not general convergence guarantees for all games. Even 

approximate stationary Markov CCE is PPAD-hard in two-player general-sum 

games.

Daskalakis, Golowich and Zhang (2023).
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