LO6 Complexity Classes
and Equilibrium Computation

CS 280 Algorithmic Game Theory
loannis Panageas

Based in part on C. Daskalakis’s slides and T. Roughgarden’s notes.



Standard Complexity Classes

e P: Decision problems solvable by a deterministic
algorithm in polynomial time.
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Standard Complexity Classes

e P: Decision problems solvable by a deterministic
algorithm in polynomial time.

e NP: Decision problems whose yes instances have
polynomial-size certificates verifiable in
polynomial time.

e coNP: Decision problems whose no instances
have such certificates.
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Problemsin P

* Problems that can be solved in polynomial time.

— Decision version of shortest path (is the shortest path
at most L (yes/no)?)

— Decision version of finding the maximum number of a
list (is the maximum at most M (yes/no)?)

— |s n a prime number (yes/no)?
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Problems in NP

e NP: Yes instances have polynomial-size certificates
that can be verified in polynomial time.

* Travelling salesperson (decision version): Given a
complete weighted graph and bound L, is there a tour
of total weight at most L that visits every vertex once
and returns to its start?
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Equilibrium Computation

e The goal is to output one mixed Nash equilibrium

of a given game.
e This is a search problem, rather than a yes/no

guestion.

For complexity: exact equilibria in rational two-player games, or e-Nash
equilibria with rational € > 0 supplied as input.
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Equilibrium Computation

e The goal is to output one mixed Nash equilibrium

of a given game.
e This is a search problem, rather than a yes/no

guestion.
e Examples: compute the sum of two integers
(function); decide whether the sum is odd

(decision).

For complexity: exact equilibria in rational two-player games, or e-Nash
equilibria with rational € > 0 supplied as input.
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Function Complexity Classes

e FP: Functions that can be computed in polynomial
time.

e FNP: Search problems with polynomially bounded
output length and a polynomial-time verifier for
each input/output pair.
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Function Complexity Classes

e FP: Functions that can be computed in polynomial
time.

e FNP: Search problems with polynomially bounded
output length and a polynomial-time verifier for
each input/output pair.

e TFNP: The total problems in FNP: every input has at
least one valid output.
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Non-constructive arguments

e Local search: Every nonempty finite directed acyclic
graph has a sink.
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Non-constructive arguments

e Local search: Every nonempty finite directed acyclic
graph has a sink.

e Pigeonhole principle: A map from n elementston -1
elements has a collision.
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Non-constructive arguments

e Local search: Every nonempty finite directed acyclic
graph has a sink.

e Pigeonhole principle: A map from n elementston -1
elements has a collision.

e Handshaking lemma: In a finite undirected graph, an
odd-degree vertex implies another odd-degree vertex.
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Non-constructive arguments

e Local search: Every nonempty finite directed acyclic
graph has a sink.

e Pigeonhole principle: A map from n elementston -1
elements has a collision.

e Handshaking lemma: In a finite undirected graph, an
odd-degree vertex implies another odd-degree vertex.

e End of the line: A finite directed graph with an
unbalanced vertex has another (in-degree differs from
out-degree).
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Existence arguments and TFNP

Informally, subclasses of TFNP capture these existence

arguments:

PLS: Local improvement and a finite potential.

PPP: The pigeonhole principle.

PPA: Parity in an undirected graph.

PPAD: Parity in a directed graph.

Formally, each class uses polynomial-time reductions to a
canonical search problem.
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Proving a negative result

Question: How can we rule out every polynomial-time
algorithm for problems such as SAT or Nash
computation?

That would mean ruling out every fixed polynomial bound.

O(n),0(n?),0(n?),... etc?

Answer: No such unconditional lower bounds are known
for these problems. Reductions give conditional hardness
results.
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The hardest problems in class C

e A problem Q is C-hard if every problem P in C
reduces to Q in polynomial time.

e An algorithm for Q would solve every problem in C.
e Qis C-complete if Q belongs to C and is C-hard.
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The hardest problems in class C

e A problem Q is C-hard if every problem P in C reduces to Q in
polynomial time.

e An algorithm for Q would solve every problem in C.
e Q is C-complete if Q belongs to C and is C-hard.
e Examples: SAT is NP-complete (Cook, 1971).

e Nash computation is PPAD-complete: exact two-player NE, or &-
NE with € in the input.

* Pure NE in congestion games is PLS-complete (Fabrikant et al.,
2004).
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AGT and complexity classes

‘TFNP ‘
TFNP S FNP. 'I‘ \
Inclusions nee d not
be strict.

PPP | [PPA™]

~N

‘PPAD ‘

CLS = PPAD N PLS /




Warm-up: Reductions in NP

Example: INDEPENDENT SET (IS) Problem

Given a simple undirected graph G(V, E) and k, is there an independent set in G of

size = k. An independent set is a set I € V' of vertices such that no two vertices in [
are adjacent.

1%
1r v Vs QGraph G.

v, Vertices vz, vs, v7, vg form
an independent set.

Vg JL 6 Us
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Warm-up: Reductions in NP

Example: INDEPENDENT SET (IS) Problem

Given a simple undirected graph G(V, E) and k, is there an independent set in G of

size = k. An independent set is a set I € V' of vertices such that no two vertices in [
are adjacent.

1%
1r v Vs QGraph G.

v, Vertices vz, vs, v7, vg form
an independent set.

Vg JL 6 Us

Claim: INDEPENDENT SET is NP-complete.

Proof: (1) INDEPENDENT SET belongs to NP (why?).

(2) Reduce 3-SAT to INDEPENDENT SET. Since 3-SAT 1s NP-
hard, INDEPENDENT SET 1s NP-hard.
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Warm-up: Reductions in NP

Example: INDEPENDENT SET (IS) Problem

Given a simple undirected graph G(V, E) and k, is there an independent set in G of

size = k. An independent set is a set I € V' of vertices such that no two vertices in [
are adjacent.

1%
1r v Vs QGraph G.

v, Vertices vz, vs, v7, vg form
an independent set.

Vg JL 6 Us

(1), (2) imply IND. SET

is NP-complete!

Claim: INDEPENDENT SET is NP-complete.

Proof: (1) INDEPENDENT SET belongs to NP (why?).

(2) Reduce 3-SAT to INDEPENDENT SET. Since 3-SAT 1s NP-
hard, INDEPENDENT SET is NP-hard.
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3-SAT reduction to IS

Problem: 3-SAT

Given a Boolean expression E, such that E is a conjunction
of clauses, where each clause is a disjunction of exactly 3
literals, is E satisfiable?
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3-SAT reduction to IS

Problem: 3-SAT

Given a Boolean expression E, such that E is a conjunction
of clauses, where each clause is a disjunction of exactly 3
literals, is E satisfiable?

A literal is a Boolean expression consisting of just a single Boolean
variable, or the negation of a Boolean variable.

 Example: “—x;” and “x,” are literals.

A clause is a Boolean expression of the form “¢; v €, vV --- vV £.”, i.e.a
disjunction of some literals £, 5, ..., £;. In 3-SAT k = 3.

* Example: “C; = x4 V—x, V x3” is a clause.
A CNF formula is a conjunction of clauses.
Example: “E = C; A C, A C3” is a CNF formula.
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3-SAT reduction to IS

Satisfiability: Can you assign True, False to the variables so that the
expression 1s True?

Theorem (3-SAT is NP-complete). The 3-SAT problem is NP-complete!

Construction: create a triangle of literal occurrences for each
clause. Join occurrences of complementary literals in different
clauses. Set the target size to the number of clauses.
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3-SAT reduction to IS

Satisfiability: Can you assign True, False to the variables so that the
expression 1s True?

Theorem (3-SAT is NP-complete). The 3-SAT problem is NP-complete!

E = (X1V922 V?Z'S)/\(.)Z'l VXZ VX3)/\(92'1 VXZ VJZ'3)/\(.X'1 VJZ'Z Vx3)

Construction: create a triangle of literal occurrences for each
clause. Join occurrences of complementary literals in different
clauses. Set the target size to the number of clauses.
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3-SAT reduction to IS

Satisfiability: Can you assign True, False to the variables so that the
expression 1s True?

Theorem (3-SAT is NP-complete). The 3-SAT problem is NP-complete!

Cl OQ 03 04
E — (X1 V.)Z'Z V?Z3)/\(321 VXZ Vx3) /\(32'1 sz VJZ'S)/\ (x1 VJZ'Z Vx3)




3-SAT reduction to IS

Claim: Expression E with k clauses is satisfiable 1f and only if the induced
graph G has an IS of size k.

Therefore, given a graph G and a k, if we can identify in poly-time if there
exists an Independent Set of size at least k, then we can solve in poly-time
3-SAT.

3-SAT <, INDEPENDENT SET =

INDEPENDENT SET is NP-complete!
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3-SAT reduction to IS

Claim: Expression E with k clauses is satisfiable 1f and only if the induced
graph G has an IS of size k.

Therefore, given a graph G and a k, if we can identify in poly-time if there
exists an Independent Set of size at least k, then we can solve in poly-time
3-SAT.

3-SAT <, INDEPENDENT SET =

INDEPENDENT SET is NP-complete!

Question: Could SAT reduce to a total, polynomially verifiable Nash
search problem?
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3-SAT reduction to IS

Claim: Expression E with k clauses is satisfiable 1f and only if the induced
graph G has an IS of size k.

Therefore, given a graph G and a k, if we can identify in poly-time if there

exists an Independent Set of size at least k, then we can solve in poly-time
3-SAT.

3-SAT <, INDEPENDENT SET =

INDEPENDENT SET is NP-complete!

Question: Could SAT reduce to such a total Nash search problem?

Answer (Megiddo—Papadimitriou): Suppose every valid output of the reduced
instance lets us decide the original SAT instance. To certify unsatisfiability, guess a
valid search output, verify it, and check that the reduction decodes it as “no.”

Totality guarantees this certificate exists for each no instance. Hence coNP € NP,
so NP = coNP.
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The class PLS

PLS (Polynomial-time Local Search) describes search for a local
optimum. A problem supplies three polynomial-time algorithms.
Canonical problem: LOCAL MAX-CUT. Given an undirected
graph G = (V,E) with nonnegative integer edge weights w. (in
binary), find a cut (S, V \ S) such that moving any single vertex v
to the other side cannot increase its total weight.
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The class PLS

PLS (Polynomial-time Local Search) describes search for a local
optimum. A problem supplies three polynomial-time algorithms.
Canonical problem: LOCAL MAX-CUT. Given an undirected
graph G = (V,E) with nonnegative integer edge weights w. (in
binary), find a cut (S, V \ S) such that moving any single vertex v
to the other side cannot increase its total weight.

The decision version of global MAX-CUT 1s NP-complete.
LOCAL MAX-CUT asks only for a locally optimal cut.
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The class PLS

PLS (Polynomial-time Local Search): three polynomial-time
algorithms. Feasible solutions and objective values have
polynomial-length encodings.

1. Initialization: output a feasible solution. For LOCAL MAX-
CUT, choose any cut.
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The class PLS

PLS (Polynomial-time Local Search): three polynomial-time
algorithms. Feasible solutions and objective values have
polynomial-length encodings.

1. Initialization: output a feasible solution. For LOCAL MAX-
CUT, choose any cut.

2. Evaluation: compute the objective value. For LOCAL MAX-
CUT, sum the weights of edges crossing the cut.
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The class PLS

PLS (Polynomial-time Local Search): three polynomial-time
algorithms. Feasible solutions and objective values have
polynomial-length encodings.

1. Initialization: output a feasible solution. For LOCAL MAX-
CUT, choose any cut.

2. Evaluation: compute the objective value. For LOCAL MAX-
CUT, sum the weights of edges crossing the cut.

3. Improvement: find a better neighboring solution or report local
optimality. For LOCAL MAX-CUT, check all |V| single-vertex
flips.

Theorem (Local Max-Cut is PLS-complete). Weighted LOCAL MAX-CUT under
single-vertex flips is PLS-complete.
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The complexity of Pure Nash Eq.

Theorem (PNE in congestion games is PLS-complete). Finding a pure Nash
equilibrium in a congestion game with explicitly listed strategies and rational cost
tables is PLS-complete.

Proof. We show first that PNE CONGESTION GAMES € PLS.

Describe the three polynomial-time algorithms:

e Choose the first listed strategy for each player to obtain a feasible profile.
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The complexity of Pure Nash Eq.

Theorem (PNE in congestion games is PLS-complete). Finding a pure Nash
equilibrium in a congestion game with explicitly listed strategies and rational cost
tables is PLS-complete.

Proof. We show first that PNE CONGESTION GAMES € PLS.

Describe the three polynomial-time algorithms:

e Choose the first listed strategy for each player to obtain a feasible profile.

e Given a profile s, compute Rosenthal’s cost potential ®(s) = >, Zi":‘__(‘i) ce(7)-
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The complexity of Pure Nash Eq.

Theorem (PNE in congestion games is PLS-complete). Finding a pure Nash
equilibrium in a congestion game with explicitly listed strategies and rational cost
tables is PLS-complete.

Proof. We show first that PNE CONGESTION GAMES € PLS.
Describe the three polynomial-time algorithms:
e Choose the first listed strategy for each player to obtain a feasible profile.

o Given a profile s, compute Rosenthal’s cost potential ®(s) = >, Zif;('i) ce(7)-

e Check all players and their listed strategies. If player ¢ can decrease her
cost, return that deviation s;. Then ®(s),s_;) < ®(s). If none exists,
report a PNE.

Each step runs in polynomial time in the explicit input size.
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The complexity of Pure Nash Eq.

Theorem (PNE in congestion games is PLS-complete). Finding a pure Nash
equilibrium in a congestion game with explicitly listed strategies and rational cost
tables is PLS-complete.

Proof cont. We now reduce LOCAL MAX-CUT to PNE CONGESTION GAMES.

Given a graph G = (V, F) with nonnegative integer weights we define the fol-
lowing congestion game:

e Agents are the vertices V.
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The complexity of Pure Nash Eq.

Theorem (PNE in congestion games is PLS-complete). Finding a pure Nash
equilibrium in a congestion game with explicitly listed strategies and rational cost
tables is PLS-complete.

Proof cont. We now reduce LOCAL MAX-CUT to PNE CONGESTION GAMES.

Given a graph G = (V, E) with nonnegative integer weights we define the fol-
lowing congestion game:

e Agents are the vertices V.

e For each edge e € E we have two resources 7., 7. (2|E| resources in total).
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The complexity of Pure Nash Eq.

Theorem (PNE in congestion games is PLS-complete). Finding a pure Nash
equilibrium in a congestion game with explicitly listed strategies and rational cost
tables is PLS-complete.

Proof cont. We now reduce LOCAL MAX-CUT to PNE CONGESTION GAMES.

Given a graph G = (V, E) with nonnegative integer weights we define the fol-
lowing congestion game:

e Agents are the vertices V.
e For each edge e € F we have two resources re, 7. (2| E| resources in total).

e Each player v has two strategies,
sy = {re : € is incident to v} and 5, = {7, : e is incident to v}.
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The complexity of Pure Nash Eq.

Theorem (PNE in congestion games is PLS-complete). Finding a pure Nash
equilibrium in a congestion game with explicitly listed strategies and rational cost
tables is PLS-complete.

Proof cont. We now reduce LOCAL MAX-CUT to PNE CONGESTION GAMES.

Given a graph G = (V, F/) with nonnegative integer edge weights, define:
e One player for each vertex v € V.
e T'wo resources r.,7. for each edge e € F.

e Player v has two actions, using respectively s, = {r. : e is incident to v}
or s, = {7, : e is incident to v}.

e Each resource has cost 0 at load one and w, at load two. Only the end-
points of e can use it.

This transformation is poly-time.
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The complexity of Pure Nash Eq.

Theorem (PNE in congestion games is PLS-complete). Finding a pure Nash
equilibrium in a congestion game with explicitly listed strategies and rational cost
tables is PLS-complete.

Proof cont. We now reduce LOCAL MAX-CUT to PNE CONGESTION GAMES.

Each player chooses either
unbarred resources (red) or
barred resources (green).

Let v1,v2 use unbarred resources (red), and w3, vs barred resources (green).

Their costs are we, , We, , We, , We, , respectively.
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The complexity of Pure Nash Eq.

Proof cont. Action profiles correspond to labeled cuts (S,V \ S) of G: players
in .S choose unbarred resources, and players outside S choose barred resources.

CS 280 - Lecture 6 -44



The complexity of Pure Nash Eq.

Proof cont. An action profile a defines a labeled cut (S, V \ §). An uncut edge
contributes w, to the cost potential; a cut edge contributes zero. Thus

w(S,V\S) = > we=)> w.—P(a).

e={u,v}€FE eck
ueS, vgS
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The complexity of Pure Nash Eq.

Proof cont. An action profile a defines a labeled cut (S, V \ §). An uncut edge
contributes w, to the cost potential; a cut edge contributes zero. Thus

w(S,V\S) = > we=)> w.—P(a).

e={u,v}€FE eck
ueS, vgS

Therefore:
e Larger cut weight means smaller cost potential.
e A single-vertex flip is exactly a unilateral action change.

e Locally maximum cuts correspond to pure Nash equilibria of the con-
structed game.
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The class PPAD

Two polynomial-size circuits P and N describe a graph on {0,1}» with 2»
vertices. Include v — w exactly when v #w, N(v) = w, and P(w) = .

possible previous

node — —node Example:
possible next
U2
node — —>node U1

N(”Ul) = VU2 and P('UQ) = 1
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The class PPAD

Two polynomial-size circuits P and N describe a graph on {0,1}» with 2»
vertices. Include v — w exactly when v #w, N(v) = w, and P(w) = .

possible previous

node — —node Example:
possible next
(%)
node — —> node U1

N(”Ul) = VU2 and P('UQ) = 1

END OF THE LINE: If O~ is a source or sink, find a different source or

sink. Otherwise return 0.
Every vertex has in-degree and out-degree at most one. PPAD consists of

FNP problems reducible to this total search problem.
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2D Sperner’s Lemma

Theorem (Sperner’s lemma). Triangulate a triangle. Give its three corners distinct
labels R, Y, B. On each boundary edge use only its endpoint labels; interior vertices

may use any label. The number of small triangles with all three labels is odd, hence
positive.

R=red
Y = yellow
B = blue
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2D Sperner’s Lemma

Theorem (Sperner’s lemma). Triangulate a triangle. Give its three corners distinct
labels R, Y, B. On each boundary edge use only its endpoint labels; interior vertices

may use any label. The number of small triangles with all three labels is odd, hence
positive.

R=red
Y = yellow
B = blue
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2D Sperner’s Lemma

Theorem (Sperner’s lemma). Triangulate a triangle. Give its three corners distinct
labels R, Y, B. On each boundary edge use only its endpoint labels; interior vertices

may use any label. The number of small triangles with all three labels is odd, hence
positive.

No yellow

No blue =

R =red
\ } Y = yellOW
| B = blue
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2D Sperner’s Lemma

Theorem (Sperner’s lemma). Triangulate a triangle. Give its three corners distinct
labels R, Y, B. On each boundary edge use only its endpoint labels; interior vertices

may use any label. The number of small triangles with all three labels is odd, hence
positive.

No yellow

No blue =

R =red
\ } Y = yellOW
| B = blue
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2D Sperner’s Lemma

Theorem (Sperner’s lemma). Triangulate a triangle. Give its three corners distinct
labels R, Y, B. On each boundary edge use only its endpoint labels; interior vertices

may use any label. The number of small triangles with all three labels is odd, hence
positive.

No yellow

No blue =

R =red
\ } Y = yellOW
| B = blue
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2D Sperner’s Lemma

Proof. Extend the boundary without adding trichromatic triangles. Start a
directed walk in the bottom-left outer triangle, entering across its R—Y boundary
edge.
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2D Sperner’s Lemma

Proof. Extend the boundary without adding trichromatic triangles. Start a
directed walk in the bottom-left outer triangle, entering across its R—Y boundary
edge.

Walk: Cross an R-Y edge, keeping its R
endpoint on your left.

R=red Y =yellow B =blue
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2D Sperner’s Lemma

Proof. Extend the boundary without adding trichromatic triangles. Start a
directed walk in the bottom-left outer triangle, entering across its R—Y boundary
edge.

Walk: Cross an R-Y edge, keeping its R
endpoint on your left.

R=red Y =yellow B =blue
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2D Sperner’s Lemma

Proof. Extend the boundary without adding trichromatic triangles. Start a
directed walk in the bottom-left outer triangle, entering across its R—Y boundary
edge.

Walk: Cross an R-Y edge, keeping its R
endpoint on your left.

R=red Y =yellow B =blue
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2D Sperner’s Lemma

Proof. Extend the boundary without adding trichromatic triangles. Start a
directed walk in the bottom-left outer triangle, entering across its R—Y boundary
edge.

Walk: Cross an R-Y edge, keeping its R
endpoint on your left.

R=red Y =yellow B =blue
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2D Sperner’s Lemma

Proof. Extend the boundary without adding trichromatic triangles. Start a
directed walk in the bottom-left outer triangle, entering across its R—Y boundary
edge.

Walk: Cross an R-Y edge, keeping its R
endpoint on your left.

R=red Y =yellow B =blue
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2D Sperner’s Lemma

Proof. Extend the boundary without adding trichromatic triangles. Start a
directed walk in the bottom-left outer triangle, entering across its R—Y boundary
edge.

Walk: Cross an R-Y edge, keeping its R
endpoint on your left.

R=red Y =yellow B =blue
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2D Sperner’s Lemma

Proof. Extend the boundary without adding trichromatic triangles. Start a
directed walk in the bottom-left outer triangle, entering across its R—Y boundary
edge.

Walk: Cross an R-Y edge, keeping its R
endpoint on your left.

R=red Y =yellow B =blue
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2D Sperner’s Lemma

Proof. Extend the boundary without adding trichromatic triangles. Start a
directed walk in the bottom-left outer triangle, entering across its R—Y boundary
edge.

Walk: Cross an R-Y edge, keeping its R
endpoint on your left.

R=red Y =yellow B =blue
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2D Sperner’s Lemma

Proof. Extend the boundary without adding trichromatic triangles. Start a
directed walk in the bottom-left outer triangle, entering across its R—Y boundary
edge.

Walk: Cross an R-Y edge, keeping its R
endpoint on your left.

R=red Y =yellow B =blue
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2D Sperner’s Lemma

Proof cont.

e The walk cannot leave through any other outer edge.

e Every visited nonterminal triangle has a unique entrance and exit, so the
walk cannot merge into a cycle.
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2D Sperner’s Lemma

Proof cont.

e The walk cannot leave through any other outer edge.

e Every visited nonterminal triangle has a unique entrance and exit, so the
walk cannot merge into a cycle.

The finite walk ends at an interior triangle.
Its three vertex labels must be R, Y, B.
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2D Sperner’s Lemma

Proof cont.

e The walk cannot leave through any other outer edge.

e Every visited nonterminal triangle has a unique entrance and exit, so the
walk cannot merge into a cycle.

The finite walk ends at an interior triangle.
Its three vertex labels must be R, Y, B.

Sperner’s lemma holds in all dimensions.
Succinct SPERNER reduces to END OF THE LINE.
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BROUWER

Definition (BROUWER). Input: A polynomial-time evaluator for F : [0,1|" —
[0, 1]™ at requested precision, a known rational Lipschitz bound K > 1, and rational
accuracy € > 0 (in binary).

Output: A (rational) point x so that
[F(x) — x|l <€,

i.e., x is an approximate fixed point.
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BROUWER

Definition (BROUWER). Input: A polynomial-time evaluator for F : [0,1|" —
[0, 1]™ at requested precision, a known rational Lipschitz bound K > 1, and rational
accuracy € > 0 (in binary).

Output: A (rational) point x so that
[F(x) — x|l <€,

i.e., x is an approximate fixed point.

We will show that

BROUWER — SPERNER
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2D BROUWER reduction to
SPERNER

Let F : [0,1]?> — [0,1]? be K-Lipschitz, with K > 1.

Choose a rational mesh size é < €/K. Then

¥ =yllo <6 = |[[F(x) =F(y)lle <e.

Each small triangle has
! -diameter at most 0.




2D BROUWER reduction to
SPERNER

Let F : [0,1]?> — [0,1]? be K-Lipschitz, with K > 1.

Choose a rational mesh size é < €/K. Then

¥ =yl <6 = [[F(x) =F(y)lle < e

Each small triangle has
! -diameter at most 9.

Label vertices by the direction of F'(z) — x.
If F(z) =z, return that fixed point.
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2D BROUWER reduction to
SPERNER

Let F : [0,1]> — [0, 1]? be K-Lipschitz, with K > 1.
Choose a rational mesh size é < €/K. Then

¥ =yl <6 = [[F(x) =F(y)lle < e

Each small triangle has
! -diameter at most 9.

Label vertices by the direction of F'(z) — x.
If F(z) =z, return that fixed point.

yellow Break ties to
preserve the

- permitted

red boundary labels.

blue
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2D BROUWER reduction to
SPERNER

Claim. Let 6 < e¢/K with K > 1, and let vY be the Y-labeled vertex of a trichromatic

small triangle. Then
IF(@") — 0" leo < 2e.

Each small triangle has
! -diameter at most 9.

Label vertices by the direction of F'(z) — x.
If F(z) =z, return that fixed point.

yellow Break ties to
preserve the

- permitted

red boundary labels.

blue
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2D BROUWER reduction to
SPERNER

Claim. Let 6 < e¢/K with K > 1, and let vY be the Y-labeled vertex of a trichromatic

small triangle. Then

IF(0") — 0"l < 2e.

This will be in HW2.

Each small triangle has
! -diameter at most 9.

Label vertices by the direction of F'(z) — x.
If F(x) = x, return that fixed point.

Break ties to
preserve the
> permitted
boundary labels.

yellow

red
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NASH reduction to BROUWER

An illustration using Nash’s continuous map. For a computational reduction,
choose the fixed-point accuracy small enough to guarantee the requested Nash
accuracy.
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NASH reduction to BROUWER

An illustration using Nash’s continuous map. For a computational reduction,
choose the fixed-point accuracy small enough to guarantee the requested Nash
accuracy.

Consider the 2 x 2 matching-pennies game.

Row / Col H T
H 1,-1 -1,1
T -1,1 1, -1

Consider the function f from the proof of Nash.

() = zi(8i) + max{u;(si; ;) — ui(x),0}
fise(2) 1+ ZS’ESz‘ max{u;(s’; x—;) — ui(x),0}
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NASH reduction to BROUWER

() = xi(8;) + max{u;(s;;x—;) — u;(x),0}
fwi( ) 1+ Zs’esi ma’X{ui(S’§ 33—1‘) — ’u,z(:c), 0}

Consider the 2 x 2 matching-pennies game.

Draw the vector field for f(x) — x.

p: row Pr(H) q: column Pr(H) CS 280 - Lecture 6 - 76
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NASH reduction to BROUWER

Row / Col H
fia () = x;(8;) + max{u;(s;;x—;) — u;(x),0} Y L
14+, cg, max{u(s'sx_;) — ug(x),0}
T -1,1

Consider the 2 x 2 matching-pennies game.

Draw the vector field for f(x) —x.  Color the points according to

0

yellow

blue

->

red

p: row Pr(H) q: column Pr(H) CS 280 - Lecture 6 - 77



NASH reduction to BROUWER

x;(8;) + max{u;(s;;x_;)

— u;(x),0}

f@Sz(x) -

1+ D _ores, max{u;i(s’;x ;) — ui(x),0}

Consider the 2 x 2 matching-pennies game.

Draw the vector field for f(x) — x.

—i‘

=
—+¢AY~+>—>—>—>—>* .
— o —

— e e e > e >

— > > e - > > > —

T > > = —

T o e o - e

////////

p: row Pr(H) q: column Pr(H)

Row / Col H T
H 1, -1 -1,1
T -1,1 1, -1

Color the points according to
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NASH reduction to BROUWER

Row / Col H
x;(8;) + max{u;(s;; x—;) — ui(x),0}
fis (@) = (s ) — H 1,-1
1+ > g max{ui(s'; ) — ui(z),0} ’
T -1,1

Consider the 2 x 2 matching-pennies game.

Draw the vector field for f(x) —x.  Color the points according to

-

—>

e e

A

yellow

— > = > — —

blue

— e > > e > > — —
DA ey o -
T T e oy e -
e S A A e
//////

->

red

Nash equilibrium: p = g = %

p: row Pr(H) q: column Pr(H) CS 280 - Lecture 6 - 79



Reductions establishing PPAD membership

PPAD Tg TENP

END OF THE LINE

SPERNER

N\

BROUWER &

e-NASH
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Theorem (Nash computation is PPAD-complete). Finding an e-Nash equilib-
rium (rational € > 0 in the input) is PPAD-complete. Finding an exact equilibrium
of a rational two-player game is also PPAD-complete.

Daskalakis—Goldberg-Papadimitriou; Chen-Deng-Teng. Exact games with
three or more players require the FIXP framework.

END OF THE LINE_—— SPERNER — BROUWER

e-NASH
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Polynomial-time equivalences

PPAD TQ TENP

END OF ATH‘E LINE

SPERNER

\

BROUWER i

e-NASH

CS 280 - Lecture 6 - 82



	Slide 1: Lecture 6: Complexity Classes and Equilibrium Computation
	Slide 2: Decision complexity: P
	Slide 3: Decision complexity: P, NP, and coNP
	Slide 4: Examples of problems in P
	Slide 5: The decision version of TSP
	Slide 6: Equilibrium computation as a search problem
	Slide 7: Function versus decision problems
	Slide 8: FP and FNP
	Slide 9: Total search and TFNP
	Slide 10: Existence arguments: local search
	Slide 11: Existence arguments: pigeonhole principle
	Slide 12: Existence arguments: undirected parity
	Slide 13: Existence arguments: directed parity
	Slide 14: Existence arguments and TFNP classes
	Slide 15: Conditional hardness through reductions
	Slide 16: Hardness and completeness
	Slide 17: Complete problems in algorithmic game theory
	Slide 18: Relations among total search classes
	Slide 19: Independent Set: definition and example
	Slide 20: Independent Set: membership and hardness
	Slide 21: Independent Set: NP-completeness
	Slide 22: The 3-SAT decision problem
	Slide 23: Literals, clauses, and CNF formulas
	Slide 24: 3-SAT is NP-complete
	Slide 25: A four-clause 3-SAT example
	Slide 26: The clause graph and an independent set
	Slide 27: Consequence of the 3-SAT reduction
	Slide 28: Can a total search problem be NP-hard?
	Slide 29: Total search hardness would imply NP equals coNP
	Slide 30: PLS and Local Max-Cut
	Slide 31: Local versus global Max-Cut
	Slide 32: PLS algorithm 1: initialization
	Slide 33: PLS algorithm 2: objective evaluation
	Slide 34: PLS algorithm 3: local improvement
	Slide 35: Congestion games in PLS: initialization
	Slide 36: Congestion games in PLS: potential evaluation
	Slide 37: Congestion games in PLS: improving deviations
	Slide 38: Local Max-Cut reduction: players
	Slide 39: Local Max-Cut reduction: resources
	Slide 40: Local Max-Cut reduction: actions
	Slide 41: Local Max-Cut reduction: costs
	Slide 42: Local Max-Cut reduction: worked example
	Slide 43: Action profiles and labeled cuts
	Slide 44: Cut weight and Rosenthal’s potential
	Slide 45: Local optimality and pure Nash equilibria
	Slide 46: Predecessor and successor circuits
	Slide 47: End of the Line and PPAD
	Slide 48: Sperner’s lemma: triangulation
	Slide 49: Sperner’s lemma: corner labels
	Slide 50: Sperner’s lemma: boundary labels
	Slide 51: Sperner’s lemma: interior labels
	Slide 52: Sperner’s lemma: trichromatic triangles
	Slide 53: Sperner’s proof: extended boundary
	Slide 54: Sperner’s proof: directed walking rule
	Slide 55: Sperner’s directed walk: step 1
	Slide 56: Sperner’s directed walk: step 2
	Slide 57: Sperner’s directed walk: step 3
	Slide 58: Sperner’s directed walk: step 4
	Slide 59: Sperner’s directed walk: step 5
	Slide 60: Sperner’s directed walk: step 6
	Slide 61: Sperner’s directed walk: step 7
	Slide 62: Sperner’s directed walk: step 8
	Slide 63: Sperner’s proof: paths cannot merge
	Slide 64: Sperner’s proof: termination
	Slide 65: Sperner and End of the Line
	Slide 66: The approximate Brouwer problem
	Slide 67: Brouwer reduces to Sperner
	Slide 68: Brouwer reduction: a sufficiently fine mesh
	Slide 69: Brouwer reduction: direction labels
	Slide 70: Brouwer reduction: boundary tie-breaking
	Slide 71: Brouwer reduction: residual bound
	Slide 72: Homework 2: proving the residual bound
	Slide 73: Nash to Brouwer: accuracy and proof idea
	Slide 74: Matching pennies and the Nash map
	Slide 75: The displacement field for matching pennies
	Slide 76: Direction labels for the Nash map
	Slide 77: The colored matching-pennies field
	Slide 78: The matching-pennies equilibrium
	Slide 79: Reductions establishing PPAD membership
	Slide 80: PPAD-completeness of Nash computation
	Slide 81: Polynomial-time equivalences and TFNP


  L


  M


  n


  G ( V , E )


  k


  G


  ≥   k


  I ⊂ V


  I


   v 2


   v 3


   v 4


   v 5


   v 6


   v 1


   v 7


   v 8


  G ( V , E )


  k


  G


  ≥   k


  I ⊂ V


  I


   v 2


   v 3


   v 4


   v 5


   v 6


   v 1


   v 7


   v 8


  G ( V , E )


  k


  G


  ≥   k


  I ⊂ V


  I


   v 2


   v 3


   v 4


   v 5


   v 6


   v 1


   v 7


   v 8


  E


  E


  3


  E


  E


  E


  3


  E


     x 1


   x 2


   ℓ 1 ∨  ℓ 2 ∨ … ∨  ℓ k


   ℓ 1 ,  ℓ 2 , … ,    ℓ k


  k = 3


   C 1 ≡  x 1 ∨    x 2 ∨  x 3


  E ≡  C 1 ∧  C 2 ∧  C 3


  E = (  x 1 ∨    x ̄ 2 ∨    x ̄ 3 ) ∧ (    x ̄ 1 ∨  x 2 ∨  x 3 ) ∧ (    x ̄ 1 ∨  x 2 ∨    x ̄ 3 ) ∧ (  x 1 ∨    x ̄ 2 ∨  x 3 )


  E = (  x 1 ∨    x ̄ 2 ∨    x ̄ 3 ) ∧ (    x ̄ 1 ∨  x 2 ∨  x 3 ) ∧ (    x ̄ 1 ∨  x 2 ∨    x ̄ 3 ) ∧ (  x 1 ∨    x ̄ 2 ∨  x 3 )


  E


  k


  k


  𝑮


  𝒌


  E


  k


  k


  𝑮


  𝒌


  E


  k


  k


  𝑮


  𝒌

