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loannis Panageas



Potential Games

Definition (Potential games). A finite normal form game has players (n] = {1,...,n},
nonempty finite strategy sets S;, profiles S = Sy X - - - X Sy, and utilities u; : S — RR.

It is an exact potential game if a function ® : S — IR satisfies, for every player i, op-
ponents’ profile s_;, and s;, sg €S,

D(si,5-;) — P(s;,54) = ui(si,s;) — u;i(s;,5;).
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Potential Games

Definition (Potential games). A finite normal form game has players (n] = {1,...,n},
nonempty finite strategy sets S;, profiles S = Sy X - - - X Sy, and utilities u; : S — RR.

It is an exact potential game if a function ® : S — IR satisfies, for every player i, op-
ponents’ profile s_;, and s;, s} € S;,

D(si,5-;) — P(s;,54) = ui(si,s;) — u;i(s;,5;).

Example (Battle of the sexes).

Action Col1 Col 2 Action Col 1 Col 2

Row 1 5,2 -1, -2 i Row 1 4 0

Row 2 -5,-4 1,4 Row 2 -6 2
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Potential Games

Definition (Potential games). A finite normal form game has players (n] = {1,...,n},
nonempty finite strategy sets S;, profiles S = Sy X - - - X Sy, and utilities u; : S — RR.

It is an exact potential game if a function ® : S — IR satisfies, for every player i, op-
ponents’ profile s_;, and s;, st € S;,

D(s;,5_;) — D(si,5-;) = ui(si,s_;) — ui(si,5_;).

Example (Battle of the sexes).

Action Col1l Col 2 Action Col1l Col 2
Row 1 5,2 -1, -2 é Row 1 4 0
Row2  -5,-4 1,4 Row 2 -6 2

Weighted Potential Games: where w; > 0.

D(s;,5_;) — D(sj, s ;) = wi - (ui(si,s_;) —ui(si,s_i)),
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Potential Games

Question: What is interesting about these games?
Answer: A pure Nash equilibrium always exists!

Lemma. Every finite potential game has a pure Nash equilibrium.
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Potential Games

Question: What is interesting about these games?
Answer: A pure Nash equilibrium always exists!

Lemma. Every finite potential game has a pure Nash equilibrium.

Proof. Let s* be a pure strategy profile that maximizes ®. Then s* is a Nash
equilibrium.
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Potential Games

Question: What is interesting about these games?
Answer: A pure Nash equilibrium always exists!

Lemma. Every finite potential game has a pure Nash equilibrium.

Proof. Let s* be a pure strategy profile that maximizes ®. If s* were not a
Nash equilibrium, some player i and strategy s; would satisfy

’UJ@(S:, 8*_1) < U@(S;, Siz)
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Potential Games

Question: What is interesting about these games?
Answer: A pure Nash equilibrium always exists!

Lemma. Every finite potential game has a pure Nash equilibrium.

Proof. Let s* be a pure strategy profile that maximizes ®. If s* were not a
Nash equilibrium, some player i and strategy s; would satisfy

UZ(S:, 8*_1) < u%(8;7 Siz)

O(sf,s* ) —P(s),s* ) = ui(s},s* ;) —u;(s},s*;) <O.

175 —1 175 —1 1

Contradiction!
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Potential Games

Algorithm (Greedy).

Initialize s(©) arbitrarily and set t = 0.

Loop

Find player ¢ and strategy s, with wu,(s’, s(_tz) > u;(sM).
If no such pair exists, return s®).

Set s(t+1) = (s, s1%).

Set t =1+ 1 and repeat.

=

Lemma. The algorithm above reaches a pure Nash equilibrium.
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Potential Games

Algorithm (Greedy).

Initialize s(©) arbitrarily and set t = 0.

Loop

Find player ¢ and strategy s, with wu,(s’, s(_tz) > u;(sM).
If no such pair exists, return s®).

Set s(t+1) = (s, s1%).

Set t =1+ 1 and repeat.

=

Lemma. The algorithm above reaches a pure Nash equilibrium.

Proof. On the finite vertex set S, put an edge s — s’ for each unilateral strict
Improvement.

e O strictly increases along every edge, so there are no directed cycles.

Intro to AGT



Potential Games

Algorithm (Greedy).

Initialize s(©) arbitrarily and set t = 0.

Loop

Find player ¢ and strategy s, with wu,(s’, s(_tz) > u;(sM).
If no such pair exists, return s®).

Set s(t+1) = (s, s1%).

Set t =1+ 1 and repeat.

=

Lemma. The algorithm above reaches a pure Nash equilibrium.

Proof. On the finite vertex set S, put an edge s — s’ for each unilateral strict
Improvement.

e O strictly increases along every edge, so there are no directed cycles.
e A run ends at a sink, hence at a pure Nash equilibrium.

Intro to AGT



Congestion Games

A congestion game is defined by:
e A set of players [n| = {1,...,n}.
e A finite set ¥ of edges, facilities, or bins.
e A nonempty strategy set S; C 2¥ for each player i.

e A cost function ¢ : {1,...,n} = R>¢ for each e € F.

For a profile s = (s1,...,8y):
e [.(s)=|{i:e € s;}|is the load on edge e.

e Player ¢ minimizes c;(s) = > ., ce(le(s)).

Intro to AGT



Congestion Games

For this game:

n = 2, with players 1 and 2.

E: the network’s directed edges.
S;: all s—t paths.

Each edge lists c.(1), ce(2).

Player 1: upper path. Player 2: lower path.

Remark: Rosenthal introduced these games in 1973.
They model atomic routing games.
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Congestion Games are Potential
Games

Theorem (Rosenthal, 1973). Congestion games are potential games.

Proof. We need to come up with a potential function!
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Congestion Games are Potential
Games

Theorem (Rosenthal, 1973). Congestion games are potential games.

Proof. We need to come up with a potential function!

Consider the cost potential ®(s) = > _p Zl (‘i) Ce(F)-
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Congestion Games are Potential
Games

Theorem (Rosenthal, 1973). Congestion games are potential games.
Proof. We need to come up with a potential function!

Consider the cost potential ®(s) = > . 5 ZJ . ce( ).

Fix player 7 and profiles s, s’ that differ only in player i’s strategy.
¢ q)(s) — ZeES@HSQ Zé (i) Ce( ) + Zeem\si zj (i) Ce( ) + ZBESQ\ST; Zj (i) Ce (j) e
¢ O(s) =D oennm Z;‘i‘i) Ce(J) + Deesis! Zl—(“ ce(J) + X, Zi (i)ce(]) ...

Remaining terms:

le(s le(s .
+Z€€E\(S Us’) Zj (1) Ce( ) —l_ZeEE\(S,LUs’) Z ( 6(.])
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Congestion Games are Potential
Games

Theorem (Rosenthal, 1973). Congestion games are potential games.
Proof. We need to come up with a potential function!

Consider the cost potential ®(s) = > . 5 Z - ce( ).

Fix player 7 and profiles s, s’ that differ only in player i’s strategy.

o O(s) = Zeesms; ce(j) + ZeEsi\s; > | ce(j) + Zees;\si YT2X ce(f) + - -
o O(s') =D csins 2Ny Celi) + X csns P c(G) + D eesi\sn 2 Vee(G) + -

Same load lo(s) = 1o(s) + 1 lo(s) = lo(s)) — 1

Remaining terms (unchanged loads):

le(s le(s .
+Z€€E\(S Us’) Z] (1) Ce( ) —l_ZeEE\(S,LUs’) Z ( 6(.])
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Congestion Games are Potential
Games

Theorem (Rosenthal, 1973). Congestion games are potential games.

Proof. We need to come up with a potential function!
Consider the cost potential ®(s) = > .4 ZJ . ce( ).
Fix player 7 and profiles s, s’ that differ only in player i’s strategy.

o O(s) = Zeems; ce(7) _'_ZeESi\S’;. Ce () +Ze€sg\si STAN ce(7) + -

o O(s") =2 chine 2t Celi) + X s Ce(J) + Xeesins; 2 Vee(G) + -

Same load le(8) =1o(s") + 1 le(8) =1.(s") — 1
Remaining terms (unchanged loads):
le(s le(s .
—I_ZBEE\(S Us’) Z] (1) Ce( ) —l_ZeEE\(S,LUs’) Z ( 6('])

B(s) — D(5') = Locqsr Ce(le()) — Locans, ce(le(s)))
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Congestion Games are Potential
Games

Proof cont. D(s) — D(s') = Z:eESi\Sg Ce(le(s)) — Zeésg\si ce(le(s"))

o ¢i(8) =2 pcqimer Ce @ )+ Pecansr Celle(s)):
o ci(s') = Locpins Cllels) + Xocas, Cellels)):

Same load
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Congestion Games are Potential
Games

Proof cont. D(s) — P(s') = Z}eESi\Sg Ce(le(s)) — ZEES;\SI- ce(le(s))

o ¢i(8) =2 pcqimer Ce @ )+ Pecansr Celle(s)):
o ci(s') = Locpins Cllels) + Xocas, Cellels)):

Same load

— Ci(S) — Ci(sl) — Eeesi\sg Ce(le (S)) _ EeEsf\si Ce(le(sl))

Thus ®(s) — P(s') = ¢;(s) — ¢ (s').
Equivalently, —® is a utility potential for u; = —c¢;.
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Congestion Games are Potential
Games

Proof cont. D(s) — P(s') = ZeESi\Sg Ce(le(s)) — Zeesg\si ce(le(s"))

o ¢i(8) =2 pcqimer Ce @ )+ Pecansr Celle(s)):
(5) + X eeurs; Celle(s)).

. C’i(S,) — Zeésiﬁs’ Ce

1

Same load

= Ci(S) — Ci(SI) — Zeesi\sg Ce(le (S)) - Zeésg\si Ce(le(sl))

Thus ®(s) — P(s') = ¢;(s) — ¢i(s).
Equivalently, —® is a utility potential for u; = —c¢;.

Monderer—Shapley: every finite exact potential game has a congestion-game
representation (allowing real resource costs).

Intro to AGT



An Algorithm for symmetric network
congestion games

Assumption: All players have the same endpoints S and T (and thus they all
have the same set of paths/strategies).
Basic idea: Min-cost flow reduction

Costs are nonnegative and nondecreasing in the load.
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An Algorithm for symmetric network
congestion games

Assumption: All players have the same endpoints S and T (and thus they all
have the same set of paths/strategies).
Basic idea: Min-cost flow reduction

Costs are nonnegative and nondecreasing in the load.

Definition (Min-cost flow). In directed G = (V,E), send demand d > 0 from s to
t. Edge (u,v) has capacity c(u,v) > 0 and unit cost a(u,v).

min ¥, a(u,0) f (1, 0)
0<f(u,v)<c(uv) VY(uv)ekE capacity constraints
Y w:(uww)eE f (U, W) = Yy wuyee f(w,u) Vu & {s,t} flow conservation
> w:(s,w)eE S (8, W) — L (w,s)ep f(w,8) = d,
Y w:(wt)eb f (W, 1) = Yo (twyer f(Hw) = d.

Integer capacities and demand imply an integral optimum, if feasible.
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An Algorithm for symmetric network
congestion games

Assumption: All players have the same endpoints S and T (and thus they all
have the same set of paths/strategies).
Basic idea: Min-cost flow reduction

Costs are nonnegative and nondecreasing in the load.

Definition (Min-cost flow). In directed G = (V,E), send demand d > 0 from s to
t. Edge (u,v) has capacity c(u,v) > 0 and unit cost a(u,v).

min Y, o) cpa(u,0)f(u,0)
0<f(u,v)<c(uv) VY(uv)ekE capacity constraints
Y w:(uww)eE f (U, W) = Yy wuyee f(w,u) Vu & {s,t} flow conservation
Zw:(s,w)EEf(Sf T/U) - Zw:(w,s)eEf(wfs) =d,
Y w:(wt)ee f (W, ) — Y (twyer f(Ew) = d.

Integer capacities and demand imply an integral optimum, if feasible.

Min-cost flow via LP!

Intro to AGT



An Algorithm for symmetric network
congestion games; the reduction

Initial graph in the
Congestion Game.
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An Algorithm for symmetric network
congestion games; the reduction

Initial graph in the
Congestion Game.

Keep the same vertices. Replace
each edge e := (u, v) by n parallel
edges of capacity one, with costs
Ce(1), ..., c.(n) in nondecreasing
order.
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An Algorithm for symmetric network
congestion games; the reduction

Keep the same vertices. Replace each

edge e := (u, v) by n parallel edges of
Initial graph in the capacity one, with costs ¢, (1), ..., c,(n)
Congestion Game. in nondecreasing order.

Remove cycles, then decompose the integral flow into n paths.

An integral min-cost flow of value n yields

a profile minimizing ®, hence a pure Nash equilibrium.
HW1: justify the correspondence.

Intro to AGT



	Slide 1: L05 Potential and Congestion Games
	Slide 2: Exact potential games: definition
	Slide 3: Exact potential games: a payoff example
	Slide 4: Weighted potential games
	Slide 5: Pure Nash equilibrium existence
	Slide 6: Pure equilibrium: a potential maximizer
	Slide 7: Pure equilibrium: a profitable deviation
	Slide 8: Pure equilibrium: contradiction
	Slide 9: Greedy improvement algorithm
	Slide 10: Greedy improvement: no directed cycles
	Slide 11: Greedy improvement: termination
	Slide 12: Congestion games: players, resources, and costs
	Slide 13: Congestion games: a two-player routing example
	Slide 14: Rosenthal’s theorem
	Slide 15: Rosenthal’s cost potential
	Slide 16: Rosenthal’s potential: a unilateral change
	Slide 17: Rosenthal’s potential: load differences
	Slide 18: Rosenthal’s potential: cancellation
	Slide 19: Rosenthal’s potential: player costs
	Slide 20: Rosenthal’s potential: costs and utilities
	Slide 21: Potential games and congestion-game representations
	Slide 22: Symmetric network congestion games
	Slide 23: Minimum-cost flow formulation
	Slide 24: Minimum-cost flow and integrality
	Slide 25: Flow reduction: the original network
	Slide 26: Flow reduction: parallel edges
	Slide 27: Flow reduction: a pure Nash equilibrium


  S


  T


  S


  T


  S


  T


  e ≔ ( u , v )


  n


   c e ( 1 ) , … ,  c e ( n )


  e ≔ ( u , v )


  n


   c e ( 1 ) , … ,  c e ( n )

