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Exact potential games: definition

Potential Games

Intro to AGT



Exact potential games: a payoff example

Potential Games

Action Col 1 Col 2

Row 1 5, 2 −1, −2

Row 2 −5, −4 1, 4

Action Col 1 Col 2

Row 1 4 0

Row 2 −6 2
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Weighted potential games

Potential Games

Action Col 1 Col 2

Row 1 5, 2 −1, −2

Row 2 −5, −4 1, 4

Action Col 1 Col 2

Row 1 4 0

Row 2 −6 2

Intro to AGT



Pure Nash equilibrium existence

Potential Games
Question: What is interesting about these games? 

Answer: A pure Nash equilibrium always exists!
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Pure equilibrium: a potential maximizer

Potential Games
Question: What is interesting about these games? 

Answer: A pure Nash equilibrium always exists!
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Pure equilibrium: a profitable deviation

Potential Games
Question: What is interesting about these games? 

Answer: A pure Nash equilibrium always exists!

Intro to AGT



Pure equilibrium: contradiction

Potential Games
Question: What is interesting about these games? 

Answer: A pure Nash equilibrium always exists!

Intro to AGT



Greedy improvement algorithm

Potential Games

Intro to AGT



Greedy improvement: no directed cycles

Potential Games

Intro to AGT



Greedy improvement: termination

Potential Games

Intro to AGT



Congestion games: players, resources, and costs

Congestion Games
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Congestion games: a two-player routing example

Congestion Games

Player 1: upper path. Player 2: lower path.

Remark: Rosenthal introduced these games in 1973.

They model atomic routing games.
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Rosenthal’s theorem

Congestion Games are Potential 
Games
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Rosenthal’s cost potential

Congestion Games are Potential 
Games
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Rosenthal’s potential: a unilateral change

Congestion Games are Potential 
Games

Remaining terms:
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Rosenthal’s potential: load differences

Congestion Games are Potential 
Games

Same load

Remaining terms (unchanged loads):

Intro to AGT



Rosenthal’s potential: cancellation

Congestion Games are Potential 
Games

Same load

Remaining terms (unchanged loads):

Intro to AGT



Rosenthal’s potential: player costs

Congestion Games are Potential 
Games

Same load
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Rosenthal’s potential: costs and utilities

Congestion Games are Potential 
Games

Same load

Intro to AGT



Potential games and congestion-game representations

Congestion Games are Potential 
Games

Same load

Monderer–Shapley: every finite exact potential game has a congestion-game 

representation (allowing real resource costs).

Intro to AGT



Symmetric network congestion games

An Algorithm for symmetric network 
congestion games

start equation cap S start equation cap T

Assumption: All players have the same endpoints 𝑆 and 𝑇 (and thus they all 
have the same set of paths/strategies).
Basic idea: Min-cost flow reduction 

Costs are nonnegative and nondecreasing in the load.

Intro to AGT



Minimum-cost flow formulation

An Algorithm for symmetric network 
congestion games

start equation cap S start equation cap T

Assumption: All players have the same endpoints 𝑆 and 𝑇 (and thus they all 
have the same set of paths/strategies).
Basic idea: Min-cost flow reduction 

Costs are nonnegative and nondecreasing in the load.

Intro to AGT



Minimum-cost flow and integrality

An Algorithm for symmetric network 
congestion games

start equation cap S start equation cap T

Assumption: All players have the same endpoints 𝑆 and 𝑇 (and thus they all 
have the same set of paths/strategies).
Basic idea: Min-cost flow reduction 

Costs are nonnegative and nondecreasing in the load.

Intro to AGT



Flow reduction: the original network

An Algorithm for symmetric network 
congestion games; the reduction

Initial graph in the

Congestion Game.

Intro to AGT



Flow reduction: parallel edges

An Algorithm for symmetric network 
congestion games; the reduction

Initial graph in the

Congestion Game.

e colon equals open paren u ,v close paren start equation n

c sub e , open paren 1 close paren ,dot dot dot ,c sub e , open paren n close paren

Keep the same vertices. Replace 

each edge e ≔ (𝑢, 𝑣) by 𝑛 parallel 

edges of capacity one, with costs 

𝑐𝑒(1), … , 𝑐𝑒(𝑛) in nondecreasing 

order.

Intro to AGT



Flow reduction: a pure Nash equilibrium

An Algorithm for symmetric network 
congestion games; the reduction

Initial graph in the

Congestion Game.

e colon equals open paren u ,v close paren start equation n

c sub e , open paren 1 close paren ,dot dot dot ,c sub e , open paren n close paren

Keep the same vertices. Replace each 

edge e ≔ (𝑢, 𝑣) by 𝑛 parallel edges of 

capacity one, with costs 𝑐𝑒(1), … , 𝑐𝑒(𝑛) 
in nondecreasing order.

Remove cycles, then decompose the integral flow into n paths.

Intro to AGT
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