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Known supports: the question

For known support
Question: Suppose we knew the supports of a Nash equilibrium. Can we 

compute one? 
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Known supports: linear programming

For known support
Question: Suppose we knew the supports of a Nash equilibrium. Can we 

compute one? 

Answer: Yes, via Linear Programming! 

Intro to AGT



Known supports: probability constraints

For known support
Question: Suppose we knew the supports of a Nash equilibrium. Can we 

compute one? 

Answer: Yes, via Linear Programming! 
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Known supports: best-response constraints

For known support
Question: Suppose we knew the supports of a Nash equilibrium. Can we 

compute one? 

Answer: Yes, via Linear Programming! 

Any feasible solution is a Nash equilibrium.

Its supports are contained in S and T.
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Support enumeration algorithm

A trivial algorithm

cap S ,cap T cap L cap P , open paren cap S ,cap T close paren

open paren x ,y close paren

Algorithm: For all index sets 𝑆, 𝑇, check feasibility of 𝐿𝑃 (𝑆, 𝑇). If a 

feasible solution (𝑥, 𝑦) is found, it is a Nash equilibrium. 

Any feasible solution is a Nash equilibrium.

Its supports are contained in S and T.
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Support enumeration running time

A trivial algorithm

cap S ,cap T cap L cap P , open paren cap S ,cap T close paren

open paren x ,y close paren

Algorithm: For all index sets 𝑆, 𝑇, check feasibility of 𝐿𝑃 (𝑆, 𝑇). If a 

feasible solution (𝑥, 𝑦) is found, it is a Nash equilibrium. 

Any feasible solution is a Nash equilibrium.

Its supports are contained in S and T.
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Lemke–Howson: assumption and basic idea

Lemke-Howson Algorithm
cap R ,cap C

Assumption: Matrices 𝑅, 𝐶 have strictly positive entries. No loss of 

generality,

NE are invariant under shifting.

Basic idea: The Lemke-Howson algorithm maintains a single guess of the 

supports, and in each iteration we change the guess only a little bit. 
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Lemke–Howson: polytopes and normalization

Lemke-Howson Algorithm
cap R ,cap C

Assumption: Matrices 𝑅, 𝐶 have strictly positive entries. No loss of 

generality,

NE are invariant under shifting.

Basic idea: The Lemke-Howson algorithm maintains a single guess of the 

supports, and in each iteration we change the guess only a little bit. 
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Lemke–Howson: labels

Lemke-Howson Algorithm
cap R ,cap C

Assumption: Matrices 𝑅, 𝐶 have strictly positive entries. No loss of 

generality,

NE are invariant under shifting.

Basic idea: The Lemke-Howson algorithm maintains a single guess of the 

supports, and in each iteration we change the guess only a little bit. 
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Completely labeled pairs and Nash equilibria

Lemke-Howson Algorithm
cap R ,cap C

Assumption: Matrices 𝑅, 𝐶 have strictly positive entries. No loss of 

generality,

NE are invariant under shifting.

Basic idea: The Lemke-Howson algorithm maintains a single guess of the 

supports, and in each iteration we change the guess only a little bit. 
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Completely labeled pairs: proof

Lemke-Howson Algorithm
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Completely labeled pairs: best-response inequalities

Lemke-Howson Algorithm
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Completely labeled pairs: normalization

Lemke-Howson Algorithm
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Completely labeled pairs: conclusion and converse

Lemke-Howson Algorithm
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Vertices and nondegeneracy

Lemke-Howson Algorithm
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Lemke–Howson algorithm steps

Lemke-Howson Algorithm
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Lemke–Howson graph: duplicate labels

Analysis of Lemke-Howson
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Lemke–Howson graph: all labels

Analysis of Lemke-Howson
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Lemke–Howson graph: path illustration

Analysis of Lemke-Howson

First two pivots: k′ = n+j, k″ = i.
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Lemke–Howson graph: paths and cycles

Analysis of Lemke-Howson
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Lemke–Howson termination

Analysis of Lemke-Howson

open paren 0,, 0 close paren

open paren 0,, 0 close paren

open paren 0,, 0 close paren open paren x ,, 0 close paren open paren 0,, y , close paren

1. Lemke-Howson algorithm begins at the configuration (0, 0). 

2. (0, 0) has all labels and is therefore an endpoint of a path component.

3. The algorithm will terminate at the other endpoint of the path. 

4. The other point is not (0, 0) and cannot be (𝑥, 0) or 0, 𝑦 .
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Lemke–Howson equilibrium conclusion

Analysis of Lemke-Howson

open paren 0,, 0 close paren

open paren 0,, 0 close paren

open paren 0,, 0 close paren open paren x ,, 0 close paren open paren 0,, y , close paren

1. Lemke-Howson algorithm begins at the configuration (0, 0). 

2. (0, 0) has all labels and is therefore an endpoint of a path component.

3. The algorithm will terminate at the other endpoint of the path. 

4. The other point is not (0, 0) and cannot be (𝑥, 0) or 0, 𝑦 .
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Odd number of Nash equilibria

Other facts
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Odd number of equilibria: graph degree argument

Other facts
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Odd number of equilibria: the artificial endpoint

Other facts

Intro to AGT



Lemke–Howson worst-case running time

Other facts
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Approximation: k-uniform strategies

Approximating a Nash eq.

start equation k start equation k

Observation: A 𝑘-uniform strategy has support size at most 𝑘.

Intro to AGT



Approximation: small-support theorem

Approximating a Nash eq.

start equation k start equation k

Observation: A 𝑘-uniform strategy has support size at most 𝑘.
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Approximation: running time and references

Approximating a Nash eq.

start equation k start equation k

Observation: A 𝑘-uniform strategy has support size at most 𝑘.

Remarks:

Lipton, Markakis and Mehta use the probabilistic method.

Time from enumerating pairs:

Rubinstein (ETH for PPAD): for some fixed ε > 0,

time is necessary. Nearly matches the dependence on N.
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