LO3 Taylor's Theorem

CS 169/ CS 268
Introduction to Optimization

loannis Panageas

Fall 2026

Intro to Optimization



Approximations and their errors

Fix a reference point xo. Write x = xo +h, so h = x — xq is
the displacement.

First order: keep the constant and linear terms.
Second order: also keep the quadratic terms.

Signed error = actual value — approximation.

Rq and R, denote the first- and second-order errors. Their
absolute values give the error sizes.
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Taylor’s theorem: first order (1D)

Univariate. Suppose f is differentiable at an interior point xg.

f(xo+h) = f(xo) + f'(x0)h + Rq(h).

Equivalently, set h = x — xq:

f(x) = f(x0) + f'(x0)(x — x0) + Ry (x — xp).

fim S =0, Ru(h) = o).
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First-order error: a bound

Assume f has two continuous derivatives on an open
interval containing xg and xg + h.

Error formula. For some point ¢ between the endpoints,

Ry(h) = 5 f" ().

If | (x)| < M; throughout the segment, then

M
Rq(h)] < 72\7’42-
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First order: exponential example

Let f(x) = ¢* and xp = 0. Then f(0) = f/(0) = 1.
e ~ 141, AVl ~ 1.1,

R1(0.1) = % — 1.1 ~ 0.005170918.

0.1

R(0.1)] < ‘%(0.1)2 < 0.00553.
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Taylor’s theorem: second order (1D)

Univariate. Suppose f is C2 near xo: its first two derivatives are
continuous.

Flaro+h) = f(xo) + f (o)
+ 5 F" () + Ra(h),

Equivalently, set h = x — xp:

f(x) = f(xo) + f'(x0)(x — x0)
+ %f”(xo)(x — x0)* + Ra(x — xp).

. |Ro(h)]
1
T AP

=0,  Ro(h) =o(|n).
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Second-order error: a bound

Assume f has three continuous derivatives on an open
interval containing xg and xg + h.

Error formula. For some point ¢ between the endpoints,

Ry(h) = f ,”6(5) I

If | /" (x)| < Mj3 throughout the segment, then

M
Ry(h)] < ?3|h|3-
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Second order: exponential example

For f(x) = ¢* at xy = 0, we also have f”(0) = 1.

h2
et~ 1 ht o eVl ~ 1.105.

R,(0.1) = ¢*! —1.105 ~ 0.000170918.

0.1

R,(0.1)] < %(0.1)3 < 0.000185.
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Comparing the exponential approximations

2

First order: 1 + x, Second order: 1+ x + %

For f(x) = e* near 0, adding the quadratic term improves the
approximation.
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A Taylor approximation need not give a global bound.
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Smaller steps, smaller errors

2
Ri(h) =¢e'—1—h, Rz(h):e”‘—l—h—h?

R1(0.1) ~ 0.0051709,  R4(0.05) & 0.0012711.

Ry(0.1) ~ 0.000170918,  R,(0.05) ~ 0.0000210964.

Here, halving h reduces the first-order error by about 4 and
the second-order error by about 8.
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Gradient descent: one variable

Suppose f is differentiable at an interior point xy and
f'(x9) # 0. Choose a step size 7 > 0.

h = _Wf,(x())/ X1 = Xo T+ h.

f(x1) = f(x0) = —7[f'(x0)}* + Ra (h).

Here Ry (h) = o(17) as 7 — 07: the error divided by 7 tends to
zero.

For sufficiently small 7 > 0, the negative term dominates, so
f(x1) < f(x0)-
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Vectors, gradients, and step size

Now xg,x,h € R"”, with x = x¢ + h. The displacement is
h = x— xp.

ll2 = 13 4 + 15,

A small step means ||/, is small, from any direction.
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Taylor’s theorem: first order (nD)

Multivariate. Suppose f is differentiable at xy in an open
domain of R".

f(xo+h) = f(x0) + Vf(x0) "h+ Ry (h).

Equivalently, set h = x — xq:

f(x) = f(x0) + Vf(x0) " (x — x0) + Ry (x — xp).

:0’ R h — 0 h .
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First order: a two-variable example

flxg,x0) = (2 —1)* 4+ 2(x0 +1)°.

n=20),  fw)=3 V)= (3).

h=(01,-01):  f(xo+h)~3+02—-04=28.

flxo+h) =283,  Ry(h)=2.83—28=0.03.
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The Hessian matrix

Definition. For a C? function, the Hessian contains the
second partial derivatives.

[ 2F (xo) O (x9))

Jx2 dx10x7
Hf(xo) — aZch aZf
\axzaxl 932 (x0) )

C? means that the second partial derivatives exist and are
continuous near the reference point.

Then the mixed partials agree, so the Hessian is symmetric.
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Reading the quadratic term

For a symmetric 2 X 2 matrix H,

n' Hh = Hy b3 + 2Hyphiho + Hyoh3.

Quadratic term. Taylor’s formula uses one half of this
expression:

1 Hii
W HKh =
2 2

Hj»

2
> ——hs.

l’l —+ lehlhz —+
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Taylor’s theorem: second order (nD)

Multivariate. Suppose f is C* on an open neighborhood of
xg € R”.

f(xo+h) = f(x0) + Vf(x0) h
+ %hTHf(xo)h + Rz(h)

Equivalently, set h = x — xp:

f(x) = f(x0) + Vf(x0) T (x —x0)
+ %(x — x0) " Hy(x0) (x — x0) + Ra(x — xo).
o [Re(R))]
50|13

=0,  Ro(h) =o(][h]3)-
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Second order: the two-variable example

For the same quadratic and xy = (2,0),
2 0
He(xg) = :
£(x0) (0 4)
f(xg+h) =3+2h + 4hy + h? +2h5.

h=(01,-01):  f(xo+h) =283,  Ry(h) =
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A coupled three-variable example

f(x1,x2,x3) = x7 + x5

xo = (1,1,1),

Vf(xg) =

2

X3 T X1X2X3.
f(x0) = 4.
3
3
3

The product term couples all three coordinates.
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The Hessian in three variables

Differentiate each entry of the gradient once more.

2 X3 X2 2 1 1
Hf(X) —= | X3 2 X1 Hf(xO) =11 2 1
Xp x1 2 1 1 2

The Hessian is symmetric, but it changes with the point x.
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Taylor approximations in three variables

First-order approximation.
f(x() + ]’l) ~ 4+ 3(]’11 + hy + hg)

Second-order approximation.

f(xo+h) ~4+43(hy + hy + h3)
+ h% + h5 + K3
+ hihy + hihs + hyhs.
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The exact errors in three variables

Exact value = second-order approximation -+ hjhyhs.

First-order error.

Ry(h) = h3 + h3 + h3
+ hihy 4+ hihs 4+ hohs + hihyhs.

Second-order error.

Ry (h) = hyhohs.
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A numerical three-variable step

h=(01,01,01), xo+h=(111111).

fxo+h) =3(1.1)> + (1.1)°> = 4.961.
First order: 4.9, Second order: 4.96.

Ry(h) =0.061,  Ry(h) = 0.001.
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Halving the three-variable step

h = (0.05,0.05,0.05),  f(xo+h) = 4.465125.

First order: 4.45, Second order: 4.465.

Ry(h) = 0.015125,  Ry(h) = 0.000125.

First-order error: reduced by about 4.
Second-order error: reduced by exactly 8.
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Gradient descent: several variables

Suppose f is differentiable at an interior point xy and
Vf(xg) # 0. Choose a step size y > 0.

h = —ﬂVf(xo); x1 = xg + h.

f(x1) = f(x0) = =[[Vf(x0) I3 + Ru (h).

Here Ry (h) = o(17) as 7 — 07: the error divided by 7 tends to
zero.

For sufficiently small 7 > 0, the negative term dominates, so
f(x1) < f(x0)-
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Taylor’s theorem: summary

First order. Keep the value and linear derivative terms.
Differentiability gives Ry (h) = o(||h]|2).

Second order. The Hessian adds the quadratic correction;
C? gives Ry(h) = o(]|h|5).

Error. Always subtract the approximation from the actual
value. Exact formulas or derivative bounds give more
information.
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Next: linear optimization

A linear objective has no quadratic correction. Linear
constraints determine the feasible choices.

maximize 3x1 + 2x»
subject to x1 + xp < 4,
0<x1 <2, x >0.

Next week: modeling linear programs and the simplex
method.

Reading: Section 5.6. Review: Section 3.4.
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Questions to check understanding

1. Does Taylor’s theorem guarantee that the second-order
approximation is more accurate at every point? Why does
the distance from xy matter?

2. Why does a sufficiently small step opposite a nonzero
gradient decrease the function? What can go wrong with a
large step?
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