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Linear programming: feasibility

Linear Programming

start equation n start equation m

Remark: We have 𝑛 constraints and 𝑚 variables. 
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Linear programming: optimization

Linear Programming

start equation n start equation m

Remark: We have 𝑛 constraints and 𝑚 variables. 
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Equivalence of LP feasibility and optimization

Linear Programming

start equation n start equation m

Remark: We have 𝑛 constraints and 𝑚 variables. 
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Primal and dual linear programs

Linear Programming

We can also define the dual formulation.
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Primal and dual dimensions

Linear Programming

We can also define the dual formulation.

start equation m start equation n

Remark: We have 𝑚 constraints and 𝑛 variables! 
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Four primal and dual status combinations

Linear Programming
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Weak duality in the feasible case

Linear Programming

Let’s focus on case 1.
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Weak duality proof: the dual constraints

Linear Programming
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Weak duality proof: the primal constraints

Linear Programming
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Weak duality proof: the objective bound

Linear Programming
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Strong duality theorem

Linear Programming

Remark: The proof is much harder, it uses Farkas’ lemma. 
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Strong duality: the zero-sum game example

Linear Programming

Remark: The proof is much harder, it uses Farkas’ lemma. 
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The example in matrix form

Linear Programming

Remark: The proof is much harder, it uses Farkas’ lemma. 
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The example and its dual

Linear Programming

Remark: The proof is much harder, it uses Farkas’ lemma. 
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Matching primal and dual optimal values

Linear Programming

Remark: The proof is much harder, it uses Farkas’ lemma. 

They match, optimality!!
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Algorithms for linear programming

Linear Programming
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Why linear programming matters for zero-sum games

Back to zero-sum Games

Question: Why do we care about LP? Recall the zero-sum game example 

from the previous lecture!
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Zero-sum games and the payoff matrix

Back to zero-sum Games

Question: Why do we care about LP? Recall the zero-sum game example 

from the previous lecture!

Answer: We can formulate the problem of computing Nash in zero-sum 

using LP!
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Row payoff guarantees against pure strategies

Zero-sum Games as LPs
start equation x start equation z

start equation y start equation x start equation z

Assume player 𝑥 plays first and wants to get at least 𝑧. For all pure 

strategies of 𝑦, 𝑥 should get at least 𝑧. Formally:
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Row payoff guarantees and probability constraints

Zero-sum Games as LPs
start equation x start equation z

start equation y start equation x start equation z

Assume player 𝑥 plays first and wants to get at least 𝑧. For all pure 

strategies of 𝑦, 𝑥 should get at least 𝑧. Formally:

start equation x

Moreover, 𝑥 should be a randomized strategy. Formally:
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Row linear program and maximin value

Zero-sum Games as LPs
x :

LP for player 𝑥:

Remark: Notice that the maximum above is the same as
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The dual of the Row linear program

Zero-sum Games as LPs
start 
equation :

Consider the dual of the previous LP:

Intro to AGT



Changing the sign of the dual objective

Zero-sum Games as LPs
start 
equation :

Consider the dual of the previous LP:

z ’’ equals minus z ’

Set 𝑧’’ = −𝑧’ the above becomes
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Column linear program and the sign change

Zero-sum Games as LPs
start 
equation :

Consider the dual of the previous LP:

z ’’ equals minus z ’

Set 𝑧’’ = −𝑧’ the above becomes

This is the LP as if y 

player would play 

first with sign flipped!
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Optimal LP solutions give a Nash equilibrium

Nash equilibrium and LP 
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Nash equilibrium proof: Row feasibility

Nash equilibrium and LP 
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Nash equilibrium proof: Column feasibility

Nash equilibrium and LP 
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Nash equilibrium proof: strong duality

Nash equilibrium and LP 
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Nash equilibrium proof: the attained payoff

Nash equilibrium and LP 
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Nash equilibrium proof: no profitable deviation

Nash equilibrium and LP 
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Nash equilibria give optimal LP solutions

Nash equilibrium and LP 
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The converse proof as homework

Nash equilibrium and LP 
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von Neumann minimax theorem

Corollaries
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Uniqueness of equilibrium payoffs

Corollaries
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Convexity of the Nash equilibrium set

Corollaries

Intro to AGT
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