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Normal form games: definition

Definitions

Intro to AGT



Normal form games: Rock-Paper-Scissors example

Definitions
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Mixed strategies: definition

Definitions
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Mixed strategies: probability simplices

Definitions
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Mixed strategies: points in the simplices

Definitions

Mixed strategy for player 1
Mixed strategy for player 2
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Expected utility: definition

Definitions
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Expected utility: Rock-Paper-Scissors example

Definitions
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Nash and approximate Nash equilibrium

Existence of Nash Equilibrium
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Nash equilibrium: existence theorem

Existence of Nash Equilibrium
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Brouwer fixed-point theorem

Proof of existence of NE

Before we proceed with the proof, an important theorem from topology…

How A and B will play?

Intro to AGT



Fixed points: definition and diagram

Proof of existence of NE

Before we proceed with the proof, an important theorem from topology…

How A and B will play?

start equation x start equation f

Remark:

𝑥 is called a fixed point of 𝑓. Uniqueness is not true!

Intro to AGT



Nash existence proof: the continuous mapping

Proof of existence of NE

start 
equation i.

s sub i. x sub i.

Gain if 𝑖 were to 
switch to pure strategy 
𝑠𝑖  instead of mixed 𝑥𝑖

Intro to AGT



Nash existence proof: Rock-Paper-Scissors mapping

Proof of existence of NE

start 
equation i.

s sub i. x sub i.

Gain if 𝑖 were to 
switch to pure strategy 
𝑠𝑖  instead of mixed 𝑥𝑖

For RPS

Intro to AGT



Nash existence proof: probabilities sum to one

Proof of existence of NE

start 
equation i.

s sub i. x sub i.

Gain if 𝑖 were to 
switch to pure strategy 
𝑠𝑖  instead of mixed 𝑥𝑖

Intro to AGT



Nash existence proof: continuity and compactness

Proof of existence of NE

start 
equation i.

s sub i. x sub i.

Gain if 𝑖 were to 
switch to pure strategy 
𝑠𝑖  instead of mixed 𝑥𝑖

Intro to AGT



Nash existence proof: a fixed point exists

Proof of existence of NE

start 
equation i.

s sub i. x sub i.

Gain if 𝑖 were to 
switch to pure strategy 
𝑠𝑖  instead of mixed 𝑥𝑖

Fixed point always exists!!

Intro to AGT



Nash existence proof: from fixed point to equilibrium

Proof of existence of NE

Intro to AGT



Nash existence proof: the fixed-point equation

Proof of existence of NE

Intro to AGT



Nash existence proof: zero-probability strategies

Proof of existence of NE
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Nash existence proof: positive-probability strategies

Proof of existence of NE
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Nash existence proof: contradiction

Proof of existence of NE
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Nash existence proof: equal payoffs on the support

Proof of existence of NE
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Nash existence proof: arbitrary mixed deviations

Proof of existence of NE

Intro to AGT



Nash existence proof: summing the payoff inequalities

Proof of existence of NE

Intro to AGT



Nash equilibria and fixed-point computation

Proof of existence of NE

So finding Nash Equilibria is

like computing fixed points! 

Can it be computationally 

hard? YES…

Intro to AGT



Zero-sum games: players and payoff matrix

Zero-sum Games

n ,m

start equation cap R n times m

• 2 players: Row and Column

• 𝑛, 𝑚 strategies available

• Payoff matrix 𝑅 of size 𝑛 × 𝑚. 

Intro to AGT



Zero-sum games: expected payoff and election example

Zero-sum Games

Example: Two candidates are aiming for presidency.

    Economy

    Education

Tax-cuts Society

3, -3 -1,1

-2, 2 1,-1

Intro to AGT



Zero-sum games: how should the candidates play?

Zero-sum Games

Example: Two candidates are aiming for presidency.

    Economy

    Education

Tax-cuts Society

3, -3 -1,1

-2, 2 1,-1

How should 

they play?

Intro to AGT



Zero-sum games: column response to a row strategy

Zero-sum Games
Example: Two candidates are aiming for presidency.

    Economy

    Education

Tax-cuts Society

3, -3 -1,1

-2, 2 1,-1

Intro to AGT



Zero-sum games: column expected payoffs

Zero-sum Games
Example: Two candidates are aiming for presidency.

    Economy

    Education

Tax-cuts Society

3, -3 -1,1

-2, 2 1,-1

Intro to AGT



Zero-sum games: column best response

Zero-sum Games
Example: Two candidates are aiming for presidency.

    Economy

    Education

Tax-cuts Society

3, -3 -1,1

-2, 2 1,-1

Intro to AGT



Zero-sum games: row payoff against a best response

Zero-sum Games
Example: Two candidates are aiming for presidency.

    Economy

    Education

Tax-cuts Society

3, -3 -1,1

-2, 2 1,-1

Intro to AGT



Zero-sum games: row maximin strategy

Zero-sum Games

Intro to AGT



Zero-sum games: row linear program

Zero-sum Games

Intro to AGT



Zero-sum games: row optimal strategy and guarantee

Zero-sum Games

Row gets at least 1/7!

Intro to AGT



Zero-sum games: row best response

Zero-sum Games

Intro to AGT



Zero-sum games: column payoff against a best response

Zero-sum Games

Intro to AGT



Zero-sum games: column maximin strategy

Zero-sum Games

Intro to AGT



Zero-sum games: column linear program

Zero-sum Games

Intro to AGT



Zero-sum games: column optimal strategy and guarantee

Zero-sum Games

Column gets at least -

1/7!

Intro to AGT



Zero-sum games: Nash equilibrium and next lecture

Zero-sum Games

open paren bold 3 over bold 7 ,bold 4 over bold 7 close paren ,, open paren bold 2 over bold 7 ,bold 5 over bold 7 close paren

Since zero sum (
𝟑

𝟕
,

𝟒

𝟕
), (

𝟐

𝟕
,

𝟓

𝟕
) must be a Nash equilibrium!!

Next lecture LP duality to get NE and minimax theorem!

Intro to AGT
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  n × m


  (  𝟑 𝟕 ,  𝟒 𝟕 ) ,   (  𝟐 𝟕 ,  𝟓 𝟕 )  

